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Abstract 



We review and analyse techniques from the hterature for extending a normed algebra, A, to a normed algebra, 
B, so that B has interesting or desirable properties which A may lack. For example, B might include roots 
of monic polynomials over A. 

These techniques have been important historically for constructing examples in the theory of Banach 
algebras. In Section 2.2.2, we construct a new example in this way. Elsewhere in Chapter 2, we contribute 
to the related programme of determining which properties of an algebra are shared by certain extensions of 
it. 

Similarly, we consider the relations between Q{A) and ^{B), the topological spaces of closed, maximal 
ideals of A and B respectively. For example, it is shown that if ^1{B) has trivial first Cech-cohomology 
group, then so has Cl(A) if B is one of the extensions of A constructed in Chapter 1. 

The invertible group of a normed algebra is studied in Chapter 4; it is shown that if a Banach algebra, 
A, has dense invertible group then so has every integral extension of A. The context for this work is also 
explained: some new results characterising trivial uniform algebras by means of approximation by invertible 
elements are given. We show how these results partially answer a famous, open problem of Gclfand. 

Results in Chapter 4 lead to the conjecture that a uniform algebra is trivial if the group of exponentials 
of its elements is dense in the algebra. We investigate this conjecture in Chapter 5. In the search for a 
counterexample, we construct and establish some properties of 'logarithmic extensions' of a regular uniform 
algebra. 



Disclaimer. Except where otherwise stated, all the results in this thesis are the author's. 
Some parts of Chapters 1 and 4 have appeared in [DawS] and [DF] respectively. 

Acknowledgement. The author is very grateful to Joel Feinstein for useful suggestions, guidance with the 
literature, and comments on this work. 

The author also thanks the EPSRC for providing financial support for this work. 
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Chapter 1 



Constructions and Elementary Properties and Applications of Algebraic 
Extensions of Normed Algebras 



In this chapter we synthesise the methods from the hterature for extending normed algebras so as to include 
roots of sets of monic polynomials over the original normed algebra. In Sections 3 to 5 we establish some 
elementary properties of the extensions. 

Throughout the thesis, 'Proposition 1.2.3.4' will be abbreviated to 'Proposition 4' within Section 1.2.3, 
and so on. 

1.1. Introduction 

1.1.1. Context and Notation 

We assume that the reader is familiar with the basic results of functional analysis and in particular the 
general theory of normed algebras. A good reference for the latter subject is Chapter 2 of [Dal] . 

In this work, A will, except where otherwise stated, denote a commutative, complex, normed, associative 
algebra. This means that A is a non-empty set together with maps 

Ax A A ■. (ai, 02) ai + 02 'addition', 

A X A A ; (fli, 02) f-^ ai ■ a2 'multiplication', 

C X A^ A ; (A, a) 1-^ Aa 'scalar multiplication', 

A [0, +00) ; a 1-^ \\a\\A 'the norm', 

such that A is an algebra over C and a normed space over C. Axioms for the basic algebraic concepts are 
given in Appendix 3. Multiplication is often written as juxtaposition and the subscript on the norm will 
often be omitted. Algebra norms are assumed to satisfy the following: 

||aia2|| < ||ai|| ||a2|| {ai,a2€A). 

If A is an algebra, we shall assume it is unital: it has an identity, 1^, such that 

null = 1. 

When no confusion is likely to result we shall omit the subscript A. 

A Banach algebra is a normed algebra which is complete: every Cauchy sequence in A converges. The 
completion (see Appendix 1) of a normed algebra. A, is written A. 

In this thesis we shall use the term 'algebraic extension' to mean an extension constructed by one of the 
methods in Section 1.2. Historically (see [Dav^fS]) the study of algebraic extensions in functional analysis 
appears to have been mainly motivated by the search for examples in the theory of uniform algebras. We 
shall define, ua, the category of uniform algebras in Section 1.1.3. The categories of normed and Banach 
algebras will sometimes be abbreviated to na and Ba respectively. No knowledge of category theory is 
necessary to understand this thesis. 

A mapping 9: A ^ B between algebras is called unital if ^(1^) = 1b. We shall assume that the 
homomorphisms in na are continuous and unital. 

For future reference we note that 9 induces a unital homomorphism, 9^, between the associated algebras 
of polynomials 

m m 

e^:A[x\ ^ B[x\; ^a^x™ ^ ^(?(a„)x'". 
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Furthermore, if a(x) G A[x] then we shall often write 0{a:){x) for d^{a{x)). 

Another example of one map inducing a second will frequently be used during this thesis. We describe 
the situation now. Suppose that 6: Ei E2IS & map and that Fx and F2 are sets. Suppose that iJj" is a 

non-empty subset of Fj ^ {j = 1,2). Suppose further that for each f G E2 we have / o ^ g E^. Then 6 
induces an adjoint map 

e*:E;^ El; foe. 

Strictly speaking, the notation for this adjoint should refer to E^ and We shall always make clear the 
domain and codomain of adjoints wherever they occur. Note that the usual situation of the adjoint map 
in functional analysis (that is, in which Ei and E2 are normed spaces and Ej is the set of bounded, linear 
functionals on Ej (j = 1, 2)) will not arise in this thesis. 

Let ii^ be a set. Then will denote the set of finite subsets of E. If is a subset of a ring then 

(E) will denote the ideal generated by E in that ring. If i? is a subset of a topological space then E° and E 
denote the interior and closure respectively of E with respect to the topology. It is convenient to mention 
now that neighbourhoods need not be open in this thesis. For a normed space, A, a G A, and r > we set 

BA[a,r] := {b e A: \\b - a\\ < r} and 
BA{a,r) — {be A: \\b-a\\ <r}. 

If the subscript A is omitted, the normed space should be taken to be C. 

1.1.2. Gelfand Theory 

We relegate a summary of Gelfand theory to Appendix 1; the reader may wish to glance at this now to check 
the conventions and notation which will be used. In particular, il{A) will stand for the space of continuous 
characters of the normed algebra A. When Cl appears on its own it will refer to A. 

1.1.3. Uniform Algebras 

There is a voluminous literature on uniform algebras. Introductions can be found in [Lei], [Bro], and [Sto]. 

If X is a topological space we write C{X) for the algebra of all continuous functions X ^ C. Recall 
that a set of functions S C is said to separate the points of X if for each pair of distinct points xi,X2 € X 
there exists f G S such that f{xi) ^ f{x2)- 

DEFINITION 1.1.3.1. A uniform algebra, A, is a subalgebra of C{X) for some compact, Hausdorff space 
X such that A is closed with respect to the supremum norm, separates the points of X, and contains the 
constant functions. We speak of 'the uniform algebra (A, X)'. The notation e will be used for the map 
sending k & X to the character e f2 given by £«(/) = /(k) {f & A). The uniform algebra is natural if e 
is surjective, and A is called trivial li A = C{X). 

It is standard that (see [Lei], p. 28), all trivial uniform algebras are natural. 

An important question in the theory of uniform algebras is which properties of [A, X) force A to be 
trivial. For example it is sufficient that A be self-adjoint, by the Stone- Weierstrass theorem. In [Col] an 
example is given of a non-trivial uniform algebra, {B,X), which is natural and such that every point of X 
is a 'peak-point' (see Section 1.5.1). It had previously been conjectured that no such algebra existed. The 
example was constructed using algebraic extensions. 

1.2. Construction of Extensions 

1.2.1. Arens-HofFman Extensions 

Let a{x) — ao + ■ ■ ■ + a„_ia;"~^ -|- x" be a monic polynomial over the algebra A. The basic construction 
arising from A and a{x) is the 'Arens-Hoffman extension', Aa- This was introduced in [Are] and will be 
described after the following definition. 
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DEFINITION 1.2.1.1. Let A be a norincd algebra. An extension of ^ is a commutative, unital normed 
algebra, B, together with an isometric monomorphism 9: A ^ B. 

The Arens-Hoffman extension of A with respect to a{x) is the algebra Aa := A[x]/{a{x)) under a certain 
norm; the embedding is given by the map u: a i-^ + Cf- 

To simplify notation, we shall let x denote the coset of x and often omit the indeterminate when using 
a polynomial as an index. 

It is a purely algebraic fact ([Are]) that each element of Aa has a unique representative of degree less 
than n, the degree of a{x). Arens and Hoffman proved that, provided the positive number t satisfies the 
inequality > X^^Zq \\ak\\ t^-, then 



Y^bkX^ 



fe=0 



eA) 



fe=0 



defines an algebra norm on Aa- We shall refer to t as the (Arens-Hoffman) norm-parameter of Aa- From 
now on we shall usually identify A with its canonical image in Aa- 

Our first proposition shows that Arens-Hoffman extensions satisfy a certain universal property which is 
very useful when investigating algebraic extensions. It is not explicitly stated anywhere in the literature 
(excepting [4DIS]) and seems to be taken as obvious. 

PROPOSITION 1.2.1.2. Let A be a normed algebra and let 6: A ^ B^^^ be a homomorphism of normed 

algebras. Let ai{x) = aoH \-a„-ix"~^ +x"- G A[x] and B^^^ = A^^ with norm-parameter t. Let y G i?^^^ 

be a root of the polynomial a2{x) := 0{ai){x) (see Section 1.1.1 for this notation). Then there is a unique 
homomorphism (/)•. B^^^ B^'^^ such that (f>{x) = y and the following diagram is commutative 



The map 4> is continuous if and only if 9 is continuous. 

Proof. This is elementary; we provide a proof for completeness. 

The map induces a homomorphism 9^ as above. Let cf)'^ be the map 0# followed by evaluation at y. 
Thus (j)°{(3{x)) = 0{P){y). By the assumption on y, the principal ideal, {ai{x)), in A[x] generated by ai{x) 
is contained in the kernel of (jP. This map therefore induces a homomorphism 



Ar, 



B^'^; P{x)^9{/3){y). 



Clearly 9 = (f>oi/. It is also clear that (p is unique. If 6 is continuous then so is (p for if f3{x) = Y^^=o ^3^^ ^ 
then we see 

' n-1 



wmm = 



< 



n-1 
n-1 

<MY,\\bj\\t' 
= M 11/3(^)11, 

where M= 116*11 max ((||2/|| /f)^' : j = 0, . . . , n - l) . 

Conversely it is easy to see that 9 must be bounded if (f) is. 



y\\ 



□ 
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1.2.2. Extensions by Infinite Sets of Polynomials 



We now introduce the methods for extending A by an infinite set, U, of monic polynomials over A. For 

each a E U, n{a) will stand for the degree of a{x). In this section wc shall make extensive use of transfinite 
methods and set theory. The reader is referred to [Hal] for this subject. 

Standard Extensions 

The basic construction which generalises the Arcns-HofFman extension is the standard extension. Standard 
extensions solve the problem of adjoining roots of elements oiU in the category of algebras; Lindberg showed 
how to extend the norms. The constructions of Narmania and Cole perform the same duty in the categories 
Ba and ua respectively. 

In particular, Cole's extensions are uniform algebras: it is well-known that an Arens-Hoffman extension 
of a uniform algebra need not be a uniform algebra. To see this one can use the criterion for semisimplicity 
given in [Are] to construct Arcns-Hoffman extensions of a uniform algebra which are not semisimple; it is 
obvious that all uniform algebras are semisimple. 

Standard extensions are defined in the following theorem of Lindberg. 

THEOREM 1.2.2.1 ([LinlE]). Let ^ be a normed algebra and U he a. set of monic polynomials over A. Let 
< be a well-ordering on U with least clement uq. Then there exists a normed algebra, Bu, with a family of 

subalgebras, {Ba)aeu, such that Bu = {Jaeu^<^ and 

(i) for all a, (3 £ U, Ba Bfj if a < /?, and, 

(ii) for all P GU, there is an isometric isomorphism, ip^, from the Arens-Hoffman extension of B^js by f3{x) 
onto where 



We shall refer to ^/j = "tpfjix) as the standard root of /3(x) in Bu- The norm of S^p is equal to t/j, the norm- 
parameter chosen for {B^js)i3. Unless otherwise stated, when we discuss standard extensions the notation 
will be as it is here. 

Again the following two results have not been explicitly given in the literature but, apart from the 
continuity condition in Proposition 3, are probably regarded as obvious by those working in the field. We 
state the results in full as we shall make use of them later. 

LEMMA 1.2.2.2. Let B^ be a standard extension of the normed algebra A with respect to the well- 
ordered set of monic polynomials, U. For each b G Bu there exist S = {ai, . . . , ajv} € W^"" and bm G A 
{m€ L := X {0, 1, ... , n{aj) - 1}) such that 




The map ■0^ satisfies tpj3{b) = b for all b G i?</3. 
Proof. See [LinlE]. 



□ 



b = 



Eh . . .f' 



lajv 



and 



-TOW 
'OCN ' 



Proof. Let, with L depending on ai, . . 



a AT as above. 




a 



there exist ai , . 



1 0CN < oi and 



6m € A (m G L) 



such that b 
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Evidently qo G J- Lot 3 > a.Q and assume that [ao,/3) C J'. Let b € Bjj. By the construction of 
standard extensions, there exist unique Cq, . . . , c„(^)_i € i?</3 such that 

«(,£*)- 1 

Since /3 > ao, -B<^ = Ua<i3Ba and by hypothesis there exist ai,...,ajv < /3 such that for each j G 
{0, . . . , n(/3) — 1}, Cj has a representation of the form 

where i = xf^^ {0,1, ... ,n{aj) - 1} and ||cj|| = E„^eL ll^'mjH Q • • • C^- Set ajv+i = /3 and L' = 
xfjti {0, 1, . . .,n{aj) — 1}. Thus (admitting a shght abuse in the notation for the brackets in the sub- 
scripts) 

b= E ^'»C---C„",Y and 

n(ajv + i)-l 

= ||cmiv+i II ^aN+Z (by definition of the standard norm) 

miv+i=0 
n(aiv+i)-l 

= E Ell brnm^ 1 1 • • • (by inductive hypothesis) 

mjv+i=0 m^L 

— \^ lift II . . . /'"N+l 

— ||"m|| l-ai ''ajv+i • 

Therefore (3 J and by the transfinite induction theorem J = hi as, required. □ 



PROPOSITION 1.2.2.3. Let >1 be a normed algebra and Uhe & non-empty set of monic polynomials over A. 
Let B^^^ = Bu be a standard extension of A with respect to U and 6:A^ B^"^^ be a unital homomorphism 
of normed algebras. Let be the standard root of a G ZY, with associated norm parameter ta, and suppose 
{r]a)aeu C is such that 9{a){r}a) = for all a £ U. Then there is a unique, unital homomorphism 
(p: B^^^ — > B^'^^ such that for all a gU (p{^ct) = Va and the following diagram is commutative 

^ 

A 



The map ^ is continuous if is continuous and 

$:(n(a)-l)log+ (M) <+oo. 

(Here log"*" denotes the positive part of the logarithm, max(log, 0).) In this case 

\Va\ 



< sup m f j : < ma < n(a), aeUe U<'^° 



Proof. The existence of the homomorphism follows from Proposition 1 and the transfinite recursion theorem, 
but we include the details here for completeness. We use the transfinite recursion theorem informally. 
Let (3 gU and suppose that {(f>a. B^ — > B^^^)a<:i3 is a family of homomorphisms satisfying 
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(i) for all Q:i,Q2 < /?, '/'asl-B^j = 4>ai if ai < "2, 

(ii) for all a < /? and a G A, 0a(a) = 0{a), and 0a($a) = 

Let tpp: B^p[x]/ {P{x)) Bp be the canonical, isometric isomorphism. Let 



: ^ ; b > 



61(6) 6 G A, 
>a(6) ifbeBa,a<p. 



By hypothesis, (/)<^ is well-defined. By Proposition 1.2.L2, there is a unique homomorphism 9/3: {B^p)/^ 
B^^^ such that Opov^fj = and 9p{x) = ri/j. Let the canonical embedding of i?</3 into the Arens-Hoffman 
extension {B^p)/} be denoted by i/</3. We then have the following commutative diagram 

B0 ^ (i?<,), ^ 

Set 4,0 = 6^0-11)-^. Then 

(i) for all a < /?, 4'p\b^ = <t>a since for 6 G i?a we have ^^(6) = = ^<0{b) = 4>aip); 

(ii) for all a & A, <Pi3{a) = 9p{a) = (j)^i3{a) = a. 
Finally, (j)i3{£,0) = ^ffi'^Pffix)) = Opix) = rjp. 

Hence the new family of homomorphisms, {4>a)a<0, is consistent with conditions (i) and (ii) and by the 
transfinite recursion theorem there exists a family {<pa)aeu which is also consistent with them. The required 
homomorphism is defined by setting (l){b) = (paib) where a G is such that b € Ba- 
li is obvious that (j) is unique. 

Finally we check the statement about continuity. In view of Lemma 2, it is plainly sufficient that 9 is 
continuous and that 

( n { ^7^) : < < n{a), aeUe U^"^" ) is bounded. 



An elementary exercise in summability shows that this condition is equivalent to the one given in the 
statement. □ 



Purely algebraic standard extensions are defined in [LinlE] and the main content of Proposition 3 is a 

statement about these. 

Notice that if the condition on the norm-parameters is satisfied then, by standard facts about summa- 
bility (see, for example, [Kel], p. 78), only countably many a gU are such that log"*" (||r?a|| /ta) is non-zero. 
Equivalently, {a : \\ria\\ > ta} must be countable. 

Notice too that although the definition of a standard extension, Bu, appears to depend on the choice 
of well-ordering of U, Proposition 3 shows that, provided the same norm parameters are used for all a gU, 
then a standard extension with respect to any other well-ordering ofU is isometrically isomorphic to Bu- 

Narmania Extensions 

From now on in Section 1.2 we assume that A is complete. 

The Narmania extension, Ajj, of A hy U is equal to the Banach-algcbra direct limit of (As : 5' is a 
finite subset of U) where each As is isometrically isomorphic to A extended finitely many times by the 
Arens-Hoffman construction. We shall give the full details of this below. See Appendix 2 for a discussion of 
direct limits of Banach algebras. 

Let ta {a G U) he a. valid choice of Arens-Hoffman norm-parameters for the Arens-Hoffman exten- 
sions Aa {a G U)- It is important to insist that distinct elements a,f3 G U are associated with distinct 
indeterminates Xa,X0- Thus S = {ai, . . . ,aAr} G U^'^° is an abbreviation for {ai(xai), • . • ,ctm{xoim)}- 



8 



It is proved carefully in [Nar] that for q = X^m 'J™''^™^ ' ' ' -^a y '= ^[■'^^ai, • • • , •^qjv]i the algebra of 
polynomials in N commuting indeterminates over A, {m is a multiindex in where Nq = {0} U N) then 
(S) + q has a unique representative whose degree in is less than than n{aj), the degree of aj{xaj) 
(j = l,...,iV). For convenience we shall call such representatives minimal. Then if q is the minimal 
representative of {S) + q, 

\\{S)+q\\ :=^||g„||C---C„" 

m 

defines an algebra norm on As (see [Nar]). The index set, W^"^" is a directed set, directed by C. The 
connecting homomorphisms i's,T (for S CT G 14^"^°) arc the natural maps; they are isometries. Thus Au is 
the completion of the normed direct limit, D := lJsew<'^o /~, where ~ is an equivalence relation given 
by {S) + q ^ (T) + r if and only if q - r G (S* U T) for 5, T G W<"". Furthermore (see Appendix 2), the 
canonical map, vsi which sends an element of As to its equivalence class in D, is an isometry. Note that 
is defined to be A. 

The embedding A Au is given by the canonical map : A^ ^ An. 

The structure of A^ will be clarified in Section 1.3. 



Cole Extensions 



The small step of generalising Cole's method of adjoining square roots to adjoining roots of arbitrary monic 
polynomials over uniform algebras was taken explicitly in [4DIS] . It was doubtless known to Cole, Lindberg, 
Gorin, and others working in the field. 

PROPOSITION 1.2.2.4 ([Col], [4DIS]). Let U he a set of monic polynomials over the uniform algebra 
{A, X). There exists a uniform algebra {A^ , X^) and a continuous, open surjection tt: X^ — > X such that 

(i) the adjoint map tt*: C{X) C{X^)-. g ^ g o -k induces an isometric, unital monomorphism A — > A^ , 

(ii) for every a GlA there exists Pa G ^ such that 7r*(a)(pc«) = 0, and 

(iii) the uniform algebra is generated by 7r*(A) U {pa ■ a gU}. 

Proof. We let X^ be the subset of X x C^ consisting of the elements {k, A) such that for all a gU 



where a{x) = /q"'' + • • • + + x'^^"^ € U. We check that X^ is a compact, Hausdorff space in 

the relative product-topology. 

The space is Hausdorff because subspaces and products of Hausdorff spaces are again Hausdorff. To show 
X^ is compact we require a lemma. Suppose Cq, . . . , Cm-i G C, A G C, |A| > 1, and co + - • •+Cm_iA™~^-|-A™ = 
0. By assumption, —A™ = cq + • • • + Cm-iX^~^ ■ Hence |A|™ = Icq + • • • + Cm-iA™^^|, from which we 



see that |A|' 
|A| < |co| + 

En(a) — 1 
fc=0 



im— 1 



Jk 



< jcol + • • • + |cto_i| ]A| < |co| |A| H + \Cm-\\\.\\" " smce 

• + |cto-i|- Hence for all (k, A) G X^ and a G U, \Xa\ < 1 or ]Aa| < 

and so 



A| > 1. Therefore 



■^n(a) — 1 p{oc) 



Sfc=0 Jk 



< 



X^ CX X YIBc 0,max (l, 



+ ••• + 



*' n(a) — 1 



which is compact by Tychonoff 's theorem. Now by definition, X^ is the intersection of a family of zero sets 
of continuous functions and so closed. It follows that X^ is compact. 
Therefore the following functions are continuous: 



7r:X" ^ X; {k,X) ^ k, 
Pa-.X^ C; (k. A) Ac 



and 

{aGU). 



The extension A^ is defined to be the closed subalgebra of C{X^) generated by 'k*{A) U {pa '■ ot G U). 

It is not hard to check that is a uniform algebra on X^ with the required properties. □ 
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Wc shall call the algebra constructed above the Cole extension of A by W. The embedding is given by 
the restriction of the adjoint, n* , to A. We shall use the same symbol for both maps; this does not cause 
problems in practice. 

We mention now that A^ is non-trivial if A is. Details in the case when every element of U is of the 
form ~ f for some f & A are in [Col]. We shall prove a more general result in Section 1.4. 

1.2.3. Systems of Algebraic Extensions 

We have just shown how to adjoin to A roots of an arbitrary set of monic polynomials, U, over A. Let the 
embedding for the extension be denoted by 6* = 6a,u'-^ ^ E{AM). Thus in na, 9 is inclusion, in Ba, 
is given by the natural map into a set of equivalence classes (see Appendix 2), and in ua, 9 is given by an 
adjoint of the continuous surjection tt: X, for some compact, Hausdorff space, X. For future reference, 

we mention here that an extension will be called simple if is a singleton. 

By repeating the process of forming algebraic extensions using transfinite recursion, one can generate 
normed algebras which are integrally closed extensions of A. The process, or a variant of it, has been used 
frequently in the literature; see, for example, [Col] and [Nar]. 

We now describe some of the detail informally. Let Vi be a non-zero ordinal number. Let v < vi and 
suppose that we have chosen algebras {AT)r<v and homomorphisms {9cr,T- A^ Ar)a<T<v in the appropriate 
category such that 

(i) Ao = A and (?o,o = idAol 

(ii) {{Ar)r<v, {da,T)a<T<v) IS & direct system; 

(iii) if < T < V and t = cr + 1 for some cr < r then there exists a set of monic polynomials, Ua, over A^ 
such that At = E^A^Ma) and ^cr,r = ^a^,u,', 

(iv) if < T < w and r is a limit ordinal then 

((^r), (6'<7,r)<7<r) = lim ((A<^)cr<r, {Op,a)p<a<p) ■ 

There are two cases. First suppose that u = r + 1 for some t < v. Then we can choose a set of monic 
polynomials, Ut, over Ar and define A„ := E{Ar,Ur) and 



idA„ if (7 = w; 

Oa^,u^ if <t = t; 

^ Or^v ° (^a.T if cr < T. 



It is not hard to check that ((Ai-)^<„, {9a,T)(7<T<u) is a direct system, li pi < P2 < P3 < v then for p^ < v, 
^P2,P3 ° ^Pi,p2 = ^pi,P3 by hypothesis. Now suppose ps = v: there are two more cases. First suppose that 
p2 = V. Then ^^j.ps = id^^ so Op^^p^ o 9p^^p^ = 9pi,v = ^pi,p3- Otherwise p2 < v, in which case we have 

^P2,P3 ° ^Pl,P2 ~ ^P2,1' ° ^Pl,P2 

= Or,v o ^p2,r o ^pi,p2 (by definition of 9p^^v) 

— ^Pi,P3 (by definition of ^pi,^). 

So in all cases ^?p2,P3 ° ^pi,p2 = ^pi,p3- It is clear that for all p <v, 9p^p = id^^- 
Therefore (i)-(iv) are true with '< t;' replaced by '< v\ 
Secondly suppose that w is a limit ordinal greater than 0. We set 

lim {{Ar)r<v, {Oa,T) a<T<v } ) 

with the direct limit taken in the appropriate category. In this way we obtain a new direct system, 
{{Ar)T<v,{^a,T)cr<T<v), Consistent with conditions (i)-(iv) above with '< u' replaced by '< v'. By an 
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informal application of the transfinitc rccnrsion theorem there is a direct system {{At)t<vi, {6<7,t)<7<t<vi) in 
which A = Ao and for all < r < we have 

(i) if r = cr + 1 for some a < t then there exists a set of monic polynomials, U^, over A^r such that 
Ar = E{A„,Ua) and 6^,^ = Oa^^u^] 

(ii) if T is a limit ordinal then 

{{At), {9a,r)a<T) = lim {{Aa)a<T-, {Op,a)p<a<T) ■ 

We are now justified in making the following definition. 

DEFINITION 1.2.3.1. Let vi be an ordinal number. Let A = {{AT)T<vn {0<7,T)a<T<vi) be a direct system 
in na, Ba, or ua. Then ^ is a system of algebraic extensions of A provided the following three conditions 
hold: 

(i) ^0 = A- 

(ii) if < T < ui and r = cr + 1 for some a < t then there exists a set of monic polynomials, Ua, over A^ 
such that Ar = E{Aa,Ua) and 9a,T = Oa„,u„', 

(iii) if < r < ui and r is a limit ordinal then 

{{Ar), {Oa,r)a<T) = lim {{Aa)a<T, {Op,a) pKaKr) ■ 

We shall speak of, for example, a 'system of Cole extensions', to mean a system of algebraic extensions in 
ua. 

1.2.4. Integrally Closed Extensions 

It is well-known from the literature (see, for example, [Col], [LinlE], and [Nar]) that systems of algebraic 
extensions can produce integrally closed algebras. We give details of the method for the convenience of the 
reader. 

The case of normed algebras is discussed extensively in [LinlE] so we shall assume that A is an algebra 
in Ba or ua. Let toi denote the first uncountable ordinal and ((^t)t<u,i, (^(t,t)ct<t<wi) be a system of 
algebraic extensions in the same category. Also suppose that for every t < lui, Ur is taken to be the set of 
all monic polynomials over Ar . The method relies on the following well-known lemma. This does not appear 
in standard textbooks so we state and prove it here. 

LEMMA 1.2.4.1. Let {X, d) be a metric space and (-F<t)o<<7<wi be a family of closed sets in X such that for 
all C7 < r < wi, C F.^. Then F := \Ja<u:i closed. 

Proof. Let {xn)ne'N C F and Xn ^ x E X {n ^ -l-oo). Now for all n € N there exists (j„ < uji such that 
Xn G Farv- There also exists a < uii such that for all n € N, cr„ < a for if this were not true then for all 
a < u)i there exists n e N such that a < an- Hence [0,a;i) C UneN[0) ^''n)- But by the definition of wi, 
[0, (7„) is countable for all n € N. Therefore wi = [0,a;i) is countable since it is contained in a countable 
union of countable sets. This is a contradiction. 

Therefore (a;„) C F^ and since F^ is closed x £ F^ C F. □ 

Since lui is a limit ordinal, the algebra D = 1Jt<wi ^r,uJi(^T) is dense in A^-^^. But (see Section 1.2.2) 0r.oji is 
an isometry so 0r,ui{Ar) is closed in A^^^ for each r < wi. By the lemma, D is closed in A^^^ and therefore 
equals A^^^. Let a{x) be a monic polynomial over A^^^. Then a{x) is a polynomial over ^r,a;i(^r) for some 
T < LUi and so there exist ao, . . . , a„_i e Ar such that 

n-l 

"(a;) = ^ Or,c,, {ak)x'' + x". 
fe=o 

By construction there exists € Ar+i such that 

fe=0 
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Set ^ = ^^+1,^, (Co). Then 



n-l 



(0 = X]^^-'^i("*)^^+i''^i(^o)'' + ^^+i.'^i(^o) 



fc=0 



fc=0 



= ^T+i,wi ( ^ ^'T,T+i(afc)Co + ?o 




= ^r+l,c.i(0) = 0. 



Therefore A^^^ is integrally closed. 

1.3. Comparison of the Extensions 

It is useful to be able to describe Narmania and Cole extensions in terms of standard extensions. In order to 
do this, we identify the spaces of closed, maximal ideals of the extensions. It is also appropriate to include 
a result about naturalness and the uniform algebras in a system of Cole extensions. 

1.3.1. The Spaces of Closed, Maximal Ideals of the Three Extensions 

It is not hard to use Arens' and Hoffman's description ([Are]) of the space of closed, maximal ideals of an 
Arens-Hoffman extension of A to describe ^{Bu) where Bu is a standard extension of A with respect to a 
set, U, of monic polynomials over A. The next result was probably known to Lindberg, but does not appear 
in the literature. 

Let denote the following set 



It is clearly compact and Hausdorff (compare Proposition 1.2.2.4) when given the relative product-topology. 

PROPOSITION 1.3.1.1. The space Vl{Bu) is homeomorphic to O^. 
Proof. It is easy to check that the map 



is a homeomorphism. (To show surjectivity requires a routine application of the transfinite recursion theorem. 
The full details of this, which are similar to those in Proposition 1.2.2.3, are given in Theorem 5.6 of [4DIS].) 



Note that if A is a natural uniform algebra, then, taking X = Q, in Proposition 1.2.2.4, Q.u = ilH . It 
is mentioned in [Col] (for the case of square roots) that A^ is natural if A is. We shall prove a similar 
result for systems of Cole extensions. First we need to establish a general result which is well-known in the 
literature. We give details for the convenience of the reader. The result is stated in [Kar], and also follows 
from standard results in [Lei] (p. 212-213). 

PROPOSITION 1.3.1.2. Let w be a non-zero, limit ordinal and 



{(w, A) e n X C" : for allaGU a;(a)(A„) = O} . 



i^{Bu) ^ ; w {u)\a, (w(Cc<))aew) 



□ 



be an inverse system of compact, Hausdorff spaces and continuous surjections. Suppose that 



{{Ar, flT)T<V, {K,T- / / ° 7r<7,T)<T: 
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is a direct system of natural uniform algdwas. Then the direct limit of this system, is natural. 
Proof. Let (fi^, (7rx,t;)T<t;) be the inverse limit of the system of spaces and let 

be the direct limit of the system of uniform algebras. From the discussion in Appendix 2, we see that A^, is 
the uniform closure in C(r2^) oi D = Ur<t; ""r 

Let ip e Q.{Ay). Then for each t < v, (p o tt*^ e Q{Ar) so there exists a unique u)'^ G Clr such that 
ifOTT*^ = e^T where e is as in Section 1.1.3. If a <t <v then 

e^. =ipo TT*^^ =ipo Tv*^^ o 7r;_^ = e^r o 7r*_^ 

so for all f G A„ we have 

= /(7r,,.K)). 

Therefore iv'^ = ncr,T{^^'^) and so := {to^)T<v € Moreover (p = Sa,^ since both maps agree on D. Thus 
fl{Ai,) = flv as required. □ 

We can now give the promised result on Cole extensions. 

PROPOSITION 1.3.1.3. Suppose that ((A^)T<t;, (ttJ t- / / ° ^a,T)a<T<v) is a system of Cole extensions 
of the natural uniform algebra, {A, Q). Then for all t < v, Aj- is natural. 
Proof. Let Aj- be a uniform algebra on Xt for all r < u. Let 

J = {t < v. At is natural } , 

T < V, and suppose that [0,t) C J. By assumption G J. Suppose now that r > 0. In the case where 
r is a limit ordinal, it follows immediately from the proposition above that t G J . Ifr = (T+l for some 
a < T then there exists a set, Ua, of monic polynomials over A„ such that A^. = A^" . Let w e 0(^4^). 
Since A„ is natural and w o tt* ^ is a character on A„, there exists k G X„ such that w o tt* ^ = Now let 
ao, • • • , € be such that a{x) = ao H + On-ia;""^ + a;" e ZY^- By construction, 

+ ■■■+ <^(a„_iK"' + K = 0. 

Since w is a homomorphism we have 

en{ao) + ■■■+ e^{an-i)Xl'^ +K^^ 

where := Thus y = (k, {Xa)aeu„) <= X^- Since the polynomials, P, in tt* ^(^) U {pa : € ZYa} 

are dense in A^- and u;|p = £i/|p we have a; = e^^ by continuity. Since w was arbitrary, A^- is natural and so 

TGJ. 

By the transfinite induction theorem, J = [0, v] as required. □ 



1.3.2. The Relationship between the Three Extensions 

We can now show how the types of extensions we have been considering are related. Many of the ideas 
behind the next proposition are due to Narmania. We take the step of linking them to Cole and standard 
extensions. 

PROPOSITION 1.3.2.1. Let A be a commutative, unital Banach algebra and U a set of monic polynomials 
over A. Then, provided the norm-parameters for the standard extension, Bu, and Narmania extension, Au, 
are equal, we have up to isometric isomorphism that Au = Bu- If A is a uniform algebra then we have 

A" = jAuY = jBuY, 



13 



where the closures are taken with respect to the supremum norm and denotes the Cole extension. 
Proof. By Lemma A. 1.5, if _B is a normcd algebra then the homeomorphism Q,{B) i}{B) induces an 

isometric isomorphism (-B) • It is therefore sufScient to prove that An = Bu and that = [Bu)" ■ 

The last equality follows very quickly from Lemma 1.2.2.2 and the simplicity of the definition of ^ . (We 
may need to pass to A if necessary first, in order to obtain an isometrically isomorphic, natural uniform 
algebra.) We shall therefore only prove the first identification. Although what follows is routine, we hope 
that it will help to clarify the details of standard and Narmania extensions. 

As before let to, {a G ZY) be a valid choice of Arens-Hoffman norm-parameters for the respective exten- 
sions Aa- We shall show that there is an isometric isomorphism between Bu and the normed- algebra direct 
limit D := Usew<"o ^s{As) (when defined by these parameters); the result then follows from the uniqueness 
of completions (see Appendix 1). 

For each a & U let ya be the equivalence class [({^(xa)}) -|- Xa] G D. Since ya is a root of vii){a){x) 
in D there exists, by the universal property of standard extensions, a (unique) homomorphism </>: Bu — > D 
such that = and for all a E U, (f>{£,a) = Va- Here, is the standard root of a{x), the clement of 
Bjj associated with x by the isometric isomorphism ip^c '■ B ^o\x\ / {a{x)) B^ in the notation of Theorem 
1.2.2.1. Thus ll^dl = ta- Note that tpa satisfies ipa{o) = o, for all a £ -B<„. 

It is clear that (j) is surjective; we now use the transfinite induction theorem, as is customary for proving 
results about standard extensions, to show that (p is isometric. 

Let J' = {l3 gU: <P\b0 is isometric}. It should be clear to the reader that ao S J. Let l3 £ U and 
suppose that [ao,/?) C J. Let b G Bp. Then, writing n{(3) for the degree of (3{x), there exist unique 
bo,---, bn{p)-i e B^fj such that b = YTj^o'^ bj$,^^. Let a < /3 with 6o, . . . , 6„(/3)-i € 

A routine exercise in the transfinite induction theorem shows that for all 7 G 

^{B^) C (J i^siAs). 

Sg[0,7]<'"o 

We give the details here for the benefit of the reader. Let 

J' = {7 e : (t>{B^) C Use[o,^]<-oMAs)} 

and suppose that [ao, 7) C J'' . Let p be the degree of 7(0;) and c G -B^. There exist unique cq, • . • , Cp_i G B^^ 
such that c = X]j=o '^j^^- There is also some a < 7 such that cq, . . . , Cp_i G B^ (unless 7 = ao in which 
case Co, . . . ,Cp_i G A). The inductive hypothesis implies that there exists a finite subset S C [ao,a] such 
that (picj) G i^s{As) {j = 0,...,p- 1). Therefore 0(c) G i^su{7}(-4su{7}) and so 7 G J'. 
By the transfinite induction theorem, J' =14 

Since the algebras vs{As) arc directed there exists S G [ao,a]^'^'' such that (t){bj) G vs{As) j = 
0, . . . , n{P) — 1. Let S = {ai, . . . , a^} and Qq, . . . , (Z„(/3)_iG ^[a;c«i , • • • , Xa^] be the minimal representatives 
such that 

ct>{bj) = us{{S) + qj) (j = 0, . . . , n(/3) - 1). 

In fact, let 

Qj — / ^ Qj.ljXai - - - Xccm 

with L := x^^i {0, . . . , n(afc) - 1}, and g^- G A for each P G L and j = 0, . . . , n(/3) - 1. Set T = SU {/?} = 
{ai, . . . , ajn+i} where a^+i '■= P- By considering the degrees, we see that 

n(am+i)-l 
j=0 

n(am+ i) — l , 
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is the minimal representative for (T) + q in At- Hence 

\\M{T) + q)\\ = \\{T) + q\U^ 

= X] 1 1 9.7,;^ II ^ai • • • tc^mtj^,^, 

3=0 li^L 

n(Q:,„ + i)-l 

= E ii(^)+%Ha.O 

n(/3)-l 

= E 11-^(^)114 (from above) 

3=0 
n(/3)-l 

= E (by hypothesis). 

3=0 

By construction of the standard norm, the quantity in the hne above is equal to 
Now since and the natural maps are homomorphisms, 



"(/3)-l 



m= E ^(^^)2^f 



3=0 

n{p)-l 

3=0 

n(/3)-l 

= E M{T)+qjx'0) 

3=0 

= VT{{T) + q), 

and so H^iiC^)!! = ||6|| as required. 

By the transfinite induction theorem, J =U. □ 



We can also summarise this result with the commutative diagram (in which the objects are subject to the 
same conditions as in Proposition 1.3.2.1 and the horizontal arrows have dense images): 



'U 



At 



By results in Appendix 1, this yields the commutative diagram (in which w indicates a homeomorphism) : 



Note that tt** is identifiable with tt. We shall, as has become traditional in the literature on these extensions, 
identify all the spaces in the top row with Q.u and denote all the downward maps by tt. 
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The following result will often be tacitly used. It is essentially due to Lindberg, but we use the comments 
above to apply it to Narmania and Cole extensions. 

PROPOSITION 1.3.2.2. Let ((^o-). (^'cr,r)ff<T : o-,t < v) be a system of algebraic extensions for some 
ordinal v > and let the adjoint maps between the associated spaces of closed, maximal ideals be denoted 
TTa^T- ^a', u) CO o Oa,T (f < T < u) where ilr '■= ^{^t) (t < u)- Then for all a < r < f, tt^.t is a 
continuous, open surjection. 

Proof. The continuity and surjectivity of the maps tTo-.t are well-known in the literature on algebraic exten- 
sions and follow easily from standard results on inverse limits of compact, Hausdorff spaces; see for example 
[Lei]. However we include a proof of these properties for the reader's convenience. 

By the comments above we can assume that we are dealing with a system of standard extensions. As 
we have noted in Appendix 2, the direct limits can be realised as unions in this case and so the maps 'Ka,T 
are just restrictions for all a < t < v. 

Let = {t < v: for all cr < r, tTo-^t is a continuous, open surjection }, t < v, and suppose [0, r) C J'. 

Obviously Og J. 

If T = -|- 1 for some a < t then tt^.t is a continuous, open surjection by Theorem 3.5 of [LinlE]. So 

TGJ. 

Otherwise, r is a non-zero, limit ordinal. By assumption, the maps Wp^a are continuous, open surjections 
for < p < cr < r. We can identify the space Clr as the inverse limit 

f2^ = lim((0<,),(7rp,^): p<f7<T) (*) 

because, as we shall show, there is a homeomorphism from onto the realisation (see Appendix 2), Xt, of 
the inverse limit (*) which is given by 

Xt := {k G Xo-<T-f2(^ : for all p < a < r, Kp = Wp^aii'^a)} ■ 

We now digress to verify that the map 

Rlilr Xr] UJ ^ (wU<,)a<T 

is a homeomorphism. 

The map R is injective since At = Uct<^A<^ and surjective since each element in Xt clearly defines a 
norm-one, character on At- Now let (wt) be a net in Vt^ which converges to uj G VLt ■ Then for all cr < r and 
a G Ao-, uJt\A^{ci) = uJt{a) Lu{a) = w|^^(a). So for all a < t, uJt\A„ '^\a„ , by definition of the topology 
on 0<j (see Appendix 1). So by definition of the product topology, R{tJt) — * R{u}). This shows that R is 
continuous. Since ilr is compact and Xt is Hausdorff, it follows (by Proposition 1.6.8 in [Ped], for example) 
that i? is a homemorphism, as required. 

Under the identification (*), the canonical maps tt^.t (c < t) are the coordinate maps fi,- — > ; k i— > 

Let p < T. We must show that TTp^i- is a continuous, open surjection. Continuity and surjectivity follow 
from standard properties on inverse limits given in Lemma 9 on p. 210 of [Lei]. It remains to prove that 
TTo-^r is open. For this we reproduce the argument in the proof of Theorem 4.1 of [LinlE]. 

Recall that fir has the weak topology induced by the functions At so a basic open neighbourhood in 
Q.T has the form 

Vt = V{K]ai, . . . ,a„;e) 

:= {«' G l^r : |ai(K') — ai(K)| < e i = l,...,n}, 

for some k e O,-, £ > 0, and ai, . . . , a„ e \J„^t ~ -^t- Hence there exists cr < r such that ai, . . . , a„ e A„. 
We show that np^TiVT) is open. 

Consider := 7rCT,r(l^)- The element y G belongs to if and only if there exists k' G such 
that y = 'Ka,T{i^') and 

\K!{ai) - K{ai)\ = \iTa,T{i^'){ai) - -Ka,r{i^){ai)\ < e (i = 1, . . . ,n). 
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Thus Va = F(7rcr,r('«); ai, • ■ • ,a„;e). 

li p < a then 77^,^(1^) = (TTp^o- o 7ro-,r)(V^T) is open by the inductive hypothesis. Otherwise, a < p. Set 
Vp = t^p,t{Vt)- Then ai, . . . ,an & C Ap, and similarly to above, Vp = V{Trp^T{i^)] ai, - ■ ■ , dn, s) is an open 
neighbourhood of Wp^r («) and so Wp^r is open. So t G J and by the transfinite induction theorem, J =U 'as 
required. □ 



1.4. Maps back from the Extensions 

1.4.1. Introduction 

Let 9: A ^ E{A,U) denote the embedding map of one of the algebraic extensions introduced in Section 1.2. 
Wc show that 9 has a special left-inverse, T, in the category of normed spaces. The material in this section 
is due to Narmania ([Nar]). However some parts of the proofs are new. 

Apart from having other special properties, T will be a unital contraction and A-linear in the sense that 

T{e{a)b) = aT{b) {a € A, be E{A,U))- 

(Recall that a linear map is called a contraction if its norm is at most one.) 

Applications of the operator T will be given in the next section. Section 2.2, and Section 3.3. 

1.4.2. The Construction 

For a{x) = ao H hfln-ia;""^ G U and j G Nq let denote the jth Newton-sum of a(x) . Newton-sums 

can be defined inductively as follows (see [Nar] or p. 140 of [JacI]): 

r s° = n; 

< a„_is^~i H h a„_fc+is^ -t- kon-k = (1 < A; < n); 

I + a^-isS+'^-i + • • • + ao4 =0 {k & N). 

In particular, is a polynomial in the coefficients of a{x). It has also been widely noted in the literature 
(see for example [Nar] and [Kar]) that for each a; e f2, 

n(a) 
k=l 

where Ai, . . . , \n(a) are the roots of uj{a){x) listed according to their multiplicities. (Recall that the homo- 
morphism u> can be extended to w^: A[x\ — > C[x] as in Section 1.1.1.) 

We shall use these facts to prove the following theorem of Narmania. Notation is as in Section 1.2.3; U 
denotes a set of monic polynomials over A. We use |-| to denote the spectral radius (see Appendix 1). 

THEOREM 1.4.2.1. Let E{A,U) be a standard, Narmania, or Cole extension of A. If A is not a uniform 
algebra, suppose further that the polynomials and norm-parameters satisfy 

for alia eU, j e{0,...,n{a)-l} \\si\\ <t{n{aj). {*) 

Then there exists a unital, ^-linear contraction T: E{A,U) — > A such that T o9 = id^. 
Proof. We define the operator Tu'.Bu A for the standard extension and show that it is an A- linear 
left-inverse for 9. We then show that (*) implies that Tk has norm one. From this and Proposition 1.3.2.1 
we see that Tu has a unique, norm-one extension to the Narmania extension, Au- The extension has the 
required properties by continuity. 
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To obtain the operator — > A for the Cole extension, where applicable, it is enough to verify that the 
map Tu satisfies 

\Tu{b)\<\b\ (bGBu) 

and so induces an A-linear map 

Tu:Bu^A;b^Tu{by 

of norm one. Again, Proposition 1.3.2.1 implies that Tu extends by continuity to a map T^: A^ — > A. It is 
trivial to verify that has the required properties. 

Construction. Please refer to Section 1.2.2 for the notation associated with standard extensions. We 
use the transfinitc recursion theorem, as in Proposition 1.2.2.3, to construct Tu. 

Let J G U and assume that {Tfj-.B^ ^)/3<7 is a family of linear maps such that the following four 
conditions hold: 

(i) for all /3< 7, T^U = id^; 

(ii) for all a < /? < 7, T^|b„ = T^,; 

(iii) for all /3 < 7, a G A, and b& Bp, Tf3{ab) = aTfj{b)] 

(iv) forall/3<7, \\Tp\\ < 1. 

Recall that B^^o = ^ and that if 7 > ao then B^j = U/3<7 ^0- If 7 = ao, the minimum element of U, 
define 

T<^j: B^j A; a a. 

Otherwise, if 7 > ao, let 

T<Y. B<.y ^ A; b ^ Tp{b) (peU-.bGBfj). 
By hypothesis, T<^ is a well-defined, A-linear contraction. Let 

n(7)-l , , n(7)-l 

T:iB^,),^A; ^ 6,x'= - (^-^ j ^ r<^(6.)a^. 

fc— fc— 

Set = T o ifi'^^'^: B^ ^ A whore ifj^ is the isometric isomorphism B^ of Theorem 1.2.2.1. 

It is routine to chock that (i)-(iii) now hold with '< 7' in place of '< 7'. To illustrate the calculations, 
we verify that \\T^\\ < 1. As ip-y~^ is isometric, it is enough to check that ||T|| < 1. 

Let 60, ... , 6„(^)_i e B<-y. Then b = X^fe£io ~^ bkx'^ is the general element of {B^j)j and 

n(7)-l 

fe=0 

n(7)-l 

< E l|T<7(6.)||(||5^||/n(7)) 

n(7)-l 

< E 1 1 1 1*7 by hypothesis and (*) 

fe=0 

= \\b\\. 

So |1T|1 < 1 as required. 

By the transfinite recursion theorem, there exists a family of linear contractions (T„; B^ ^)aew such 

that 

(i) for all a G U , Ta\A = idyi; 

(ii) for alla,f3 eU, a < P T^Ib^ = r„; 

(iii) for all a eU, a e A, and bG B^, Ta{ab) = aTa{b). 

Recall that Bu = Uaew ^a- We obtain the required map by defining 

Tu-Bu^ A-b^To,{b) (aeW:6eSa). 
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Note that by omitting requirement (iv) we can always obtain an A-linear map Tu'-Bu — > A with 
Tu\a = id-A- It remains to verify that 

\Tum<\b\ {h&Bu) (t) 

The argument, as Narmania noted, does not depend on (*), so we do not have to make assumption (*) in 
the setting of uniform algebras. 

We use the representation of elements of Bu obtained in Lemma 1.2.2.2 to verify (f). This expands 
remarks in [Nar] to the effect that for each b G Bu, Tu{b) sends each a; e O to a weighted average of the 
values of h on the fibre tt~^{lo). Here tt is the usual map Q{Bu) — > fJ. 

By Lemma 1.2.2.2, for each h S Bu there exists a set f/ = {ai, . . . , ajv} € U^'^° and bm & A {m G L := 
XjLi {0, 1, ... , n{aj) - 1}) such that 



E^-C^---C/ and \\b\\=J2 \\bm\\tZ'---t: 



j.mN 



Thus b & Bp where /? = max(ai, . . . ,aM)- Inductively we see that 

Let (jj € fl and A^-^O) • • • > ^j,n{a )-i be the roots ofLv{aj){x) listed according to multiplicity (j = 1, . . . , N). 
Then 

N / rrij \ 

u{Tub) = V ^{bm) n ^^^T^ where L = x^^, {0, . . .,n{ak) - 1} 

AT n(Qj)-l >mj 



n{aj) 



= i^ibm) / TT /' \ (by an exercise in indices) 
=1 



= E '^(MlT 



N y^j 



For each I G L, choose yi = (w. A;) e such that 

k,a,=Xj,l, {j = l,...,N). 



Thus for each m,l G L, 



whence 



N ^ 
'^{bm)J{X';i={^,Xl)UnX{C 



^ n(ai) • • •n(ajv) 



and so 



<l&l- 
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This completes the proof. 



□ 



We illustrate the effect of with an example for future reference. Let {A, X) be a uniform algebra and 
a{x) be a monic polynomial over A of degree n. Let {A",X") denote the Cole extension of A with respect 
to a{x). Then, writing p: X" C; (k, A) i— > A, elements of the form 

n-l 

/ = E'^*(/)P' (/o,...,/„-ieA) 

are dense in A" (by Proposition 1.3.2.1). Let be the fcth Ncwton-sum of a(x) for each k G Ng. If we 
identify X with a subset of fl in the usual way, we have for each k e X, writing Ai, . . . , A„ for the roots of 
K{a){x) repeated by multiplicity, 

T{«>(/)(k) = ( ^ X! ) construction 

n— 1 n 

- n n—l 
j=l fc=0 

1 " 

J=l 

It now follows from the continuity of T^"^ that T^"^{g){K) is this average of values of g over the fibre 'k~^{k) 
for every g G A" . 

As Narmania noted, the restriction (*) is not a hindrance to our main applications, as we can still 

generate an integrally closed extension of any normed algebra by using only polynomials for which (*) is 
true (using the procedure described in Section 1.2.4). We provide a simple argument, which is omitted from 
[Nar], to justify this. 

Since we can always choose the Arens-Hoffman norm-parameters to be at least one, we assume this and 
can simplify the condition to ||s^|| < n{aj). Let a{x) = qq + ■ ■ ■ + a„_ia;"~-^ + a;" G A[x] and /x > 0. Let 

a^{x) = /i"oo H h (/ia„_i)a;"~^ + a;". By the continuity of algebraic operations in A, we have s^^ — > as 

^J■ ^ {j = 1, . . . ,n—l). We can replace a{x) by a'*(x) for n so small that (*) holds for a^{x). If a^{r]) = 
then a{ri/ ji) = 0. 

It is a routine matter to extend the operator defined above to systems of algebraic extensions. We give 

details, which arc omitted by Narmania, for the benefit of the reader. 

PROPOSITION 1.4.2.2 ([Nar]). Let ((A,,), (6'<,,t-)<^<i- : (7,t < u) be a system of algebraic extensions. If 
Aq = A\s not a uniform algebra, suppose also that for all t < a € Ut, j € {0, . . . , n{a) — 1} we have 

11411 < n{aj), 

and that all norm-parameters are at least one. Then there exists a family of unital, linear contractions 

{Ta,T- Ar Aa)a<T<v SUCh that for (7 < T < u, 

(i) To-.r is Acr-lincar, and 

(ii) Ta^T o 0<j,r = idA^ ■ 

Proof. Let t < v and suppose that {Tp^a- Ac Ap)p<o-<T is a family of contractions such that 

(i) for all p < cr < T, a G Ap, and hG A„, Tp^a{dp,a{a)b) = aTp^cr{b), and 

(ii) for all p < a < T, Tp^a- o Op^a = idA^- 
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If T = a+1 for some a <t, then A^- = E{A„,Ua)- By Theorem 1, there exists an operator T^^t-: Aj- — > Act 
such that \\T„^t\\ < 1, 

Ta^riO.,ria)b) = aT^,,(&) (a G A<„ 6 e A^), 

and Tcr,r ° ^<T,r = id^^. Setting Tp,^ := Tp_„ ° ro^,T for p < a yields a family of maps (T'p_cr)p<o-<r comphant 
with requirements (i) and (ii) above. 

Otherwise, r is a limit ordinal. If r = we must set To,o = id^- For r > we have 

{Ar, {ea,r)a<r) = Hm {{A^), {6 p^„) : p < (T < t)) (*) 



Fix p < T and set Sp^a- ■= Tp,cr' ° ^o-.o-': Aa- Ap where max(p, a) < a' < r. Thus Sp^a- is a well-defined and 
j4p-linear contraction since it is a composition of such maps. Indeed 




if p < CT, and 
if p > (T. 



We also have that for all cti < 1J2 < r, 



Sp,a2 ° ^o-i,<T2 = ^p,<T3 o ^(72,^3 o Oai,cT2 wheis (Ts > max(p, 0-2) 
= 5p,(7i since 0-3 > a2 > tri. 



Observe that (A,-, (0o-,t)) also the direct limit of (*) in the category of normed spaces and contractions 
(see Appendix 2). By the universal property of direct limits, there exists a contraction Tp^r- such 
that for all a <t, 

{Tp^a {P<Ct) 



Oa,p {(T< p)- 



In particular Tp^^ o 9p,r = Sp_p ~ id^p- Continuity shows that Tp^r is Ap-linear as we now check. 

Since D = [Jcr<T ^ct,t(^(7) is dense in At, it is enough to show that T^.tId is Ap-linear. Let b G D and 
a e Ap. Since the algebras are directed, we can assume that b = 9a,T{bcr) for some a > p and b^ S A^. Thus 

Tp^r{0pAa)b) = (Tp.r o e,A{9pAa)b„) 

= Sp,a{6p,a{a)bcr) 

= aSp^aiba) since Sp^a = Tp^^ is Ap-linear 
= aTp^b). 

The result now follows from the transfinite recursion theorem. □ 



We now keep a promise made in Section 1.2.2 and use Proposition 2 to show that every uniform algebra in 
a system of Cole extensions of a non-trivial uniform algebra is non-trivial. The following three results are 
similar to ones contained in Theorem 3.5 of [LinlE] and Theorem 2.1 of [Col]. 

Proposition 3 is not essential for our purpose, but we include it as it is interesting in its own right. 

PROPOSITION 1.4.2.3. Let v be an ordinal number and {{Ar)T<v,{'^a T)cr<r<v) be a system of Cole 
extensions of the uniform algebra A = C{X) for some compact, Hausdorff space, X. Then for all t < v, 

Ar = C{Xr). 

Proof. Let J — {t <v: Ar — C{Xr)}, t < v, and suppose that [0, r) C J. 

If there exists a < t such that t = a + 1 then Ar = A^" for some set, U^, of monic polynomials over 
A„. Let B denote a standard extension of A„ with respect to Ua- Since A^ = C{X„) is natural, it follows 
from Proposition 1.3.1.3 that Ar is natural, and so Xr — n{Ar). By Proposition 1.3.2.1 we have = Ar- 
On the other hand, since A^ is dense in C{Xa) we have B^ = C{Xr) by Theorem 3.5 of [LinlE]. So r e J^. 
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Otherwise r is a limit ordinal. It is clear that € so wc may assume that t > 0. Then At = 
lim^(Ao-)CT<T- Explicitly (see Appendix 2), At is the closure in C(X^) of the algebra D = UCT<r ^^,r(^<^)• 
As noted in [Col], it follows from the Stone- Weierstrass theorem and inductive hypothesis that D is dense 
in C{Xt). So At = C{Xt) and teJ. 

By the transfinite induction theorem, J = [0, v] as required. □ 

Let {{At)t<v, (tt* T-)CT<r<u) be a system of Cole extensions in which for all t < At is a uniform algebra 
on Xt- Recall that tt* ^ is the adjoint C{Xa) C{Xt) ; f ^ f o tt^.t where tTct^t is a continuous surjection 
Xt — > Xo-. As usual, we shall not distinguish between tt*^ and tt* 

LEMMA 1.4.2.4. Let u be an ordinal number and A = {{At)t<v, [t^^ t)<t<t<v) be a system of Cole extensions 
of a uniform algebra {A,X). Then the family 

C = {{C{Xt))t<v, {''^*cT,T)'y<T<v) 

is a system of Cole extensions of C(X) with respect to the same sets of 

polynomials as are used to generate A. 
Proof. The family C clearly forms a direct system. Let the set of polynomials generating A^+i be denoted 
by Ua for every a < v. Thus U„ can be regarded as a set of monic polynomials over C{Xa) for each a < v. 
We verify the axioms given in Section 1.2.3 for C to be a system of Cole extensions of C{X) with respect to 

(p(cr)<7<v 

Let T <v. First suppose that t = a + 1 for some a <t. As in the proof of Lemma 3 we have that 

C{X,f''=C{X^') = C{XT). 

Otherwise r is a limit ordinal. We can assume r > 0. Again, as in the second case in Proposition 3, 

C(X,) = lim_(C(X„)),<,. 

Thus C is a system of Cole extensions of C{X) with respect to {Ua)a<v IZI 

Recall that if £ is a subset of a normed space, {F, ||-||), and f & F then the distance of / from E, is defined 
to be 

dist(/,i;) := inf ||e-/||. 

eeE 

It is standard (see, for example, p. 69 of [Sim]) that if E is closed and f G F — E then dist (/, E) > 0. 

THEOREM 1.4.2.5. Let v be an ordinal number and A = {{At)t<v, {'^a t)<^<t<v) be a system of Cole 
extensions of a uniform algebra {A,X). Then for all / e C{X), 

dist (7ro%(/),A„)= dist if, A). 

In particular, A^ is non-trivial if A is. 

Proof. By Lemma 4, C = {{C{XT)T<v,{T^a t)c<t<v) is a system of Cole extensions of C{X) with respect 
to the same sets of polynomials as are used to generate A. Let {T„y.AT — > A„)„<t<v and {T^ t'^{-^t) — * 
C{Xcr))a<T<v be the families of linear contractions associated with A and C respectively as in Proposition 
2. The bulk of the remainder of this proof is devoted to checking that t\^t = ^ct,t for all a < t < v. 

Let J = {t < v. for all /9 < r, T^^|^^ = ^p,i-}- Let t < v and suppose that [0,t) C J. 

First suppose that t is a limit ordinal. It is trivial that G J7 so we can assume that t > 0. Then At is 
the subalgebra of C{Xt) generated by D = U^<^ tt* ^.(^1^). Let p < t. Since T*,. is continuous, it is enough 
to prove that r^rlz? = Tp^t\d- So let g G D. As the algebras (tt* ,^(Acr))CT<r are directed, there exists a > p 
and f G A„ such that 5 = tt* ^(/). We have 

TlT{K,r{f)) = T^^U) (by construction of T^y, see Proposition 2) 
= Tp^crif) (by inductive hypothesis) 
= ^P,r(7i"*,r(/)) (by construction of T^,,-). 
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Hence T^^^\a^ = Tp^r and so t G J. 

Secondly suppose that t = p + 1 for some p < t. So = Ap*" for some set, Up, of monic polynomials 
over Ap. It is enough to prove that ^\a^ = Tp^r for then \i a < p and f G At, 

(/) = {Tip o t; J (/) (by construction; see Proposition 2) 

= Tlp{TpAf)) 

= Ta,p(Tp^r{f)) (by hypothesis, since Tp^rif) € Ap) 
= Ta-^rif) (by construction of To-.t); 

from whichT^^^I^^ = T^,^. 

Consider elements of the form 

5 = -fa." 

where / G Ap, ai, . . . ,aN are distinct elements of Up, and rrij G {0, . . . , n{aj) — 1} (j = 1, • ■ • , N). Those 
elements span a dense subalgebra of At- Since T^^- is linear and continuous, it is sufficient to prove that 
T^^id) = ^cr,r(5)- But, by the construction in Theorem 1, we have 

^-V(^) = n(aO-'n(a.) --^---"=^--(^)- 

Thus T Gj. 

By the transfinite induction theorem, J = U. In particular we have Tg „(A„) C A. 

Let / G C{X) and r = dist (/, A). Since T§^ is a contraction we have that for all g G A^, 

\H,M)-9\\ > ||(ro%o7ro%)(/)-To%(ff)|| 

= 11/ - To,^{g)\\ (since Tq^ o tt^,, = idc(x)) 
> r (since To,„(5f) e A). 

Hence s := dist (7ro^„(/), A^) > r. 

Finally, for all 5 € A we have, since ttq „ is isometric, that 

\\9- f\\ = ho,vi9) - '^o,v{f)\\ 

> s (since TrQ .^,{A) C A^,). 

Thus r > s. □ 



1.5. The Silov and Choquet Boundaries of the Extensions 
1.5.1. Introduction 

We now use the construction of the previous section to investigate the boundaries of algebraic extensions of 

uniform algebras. We shall use the notation Nx («) for the set of neighbourhoods of a point k in a topological 
space, X. Where no confusion is likely, we shall omit the subscript labelling the space. If /:X ^ C is a 
bounded function and E C X, we shall use the notation 

11/11^:= sup|/(«)|. 

Recall that for a uniform algebra, {A, X), a point k G X is a peak point for A if there exists f G A such 
that 1 = /(k) and for all k' G X — {k}, |/(k')I < 1- The point k G X is a. strong boundary point for A if for 
all neighbourhoods V G N(/t), there exists f G A such that 1 = /(k) = ||/|| and < 1. There are 

various striking characterisations of this condition; see, for example, [Sto], pages 47-51. A boundary for a 
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set S C C'{X) is any subset of X on which every element of S attains its maximum moduhis. The Choquet 
boundary of a uniform algebra is the set of strong boundary points. We shall denote the Choquet boundary 
of ^ by To (^). 

It is standard (see, for example, [Sto], p. 37) that {A, X) has a minimal closed boundary. It is called the 
Silov boundary of A and is denoted by S {A). It is often useful to note, as on p. 38 of [Sto], that k & S {A} 
if and only if for every ^ e N (k) there exists f G A such that < WfWv Furthermore, by replacing 

/ by (// 11/11)''^ for sufBciently large N G N, we can assume that < ct < ||/||y = 1 for any given 

a€ (0,1). 

It can be shown (see [Sto], p. 53) that ^o{A) is dense in S (A). Another important result (see [Sto], p. 
54) is that if X is metrizable (that is, the topology on X comes from a metric in the usual way; see [Kel], 
p. 118), then k G X is a strong boundary point if and only if it is a peak point for A. 

We shall investigate the Choquet boundary of Cole extensions. First of all we use some of Lindberg's 
results from [LinlE] to describe the Silov boundaries in systems of Cole extensions. 

1.5.2. The Silov Boundary 

Proposition 1.5.2.2 is surely known to those who worked in this area, such as Karahanjan, but we give a 
detailed statement and proof for the reader's convenience. We require a lemma, which must have been used 
by many people. 

LEMMA 1.5.2.1. Let D be a dense subset of a uniform algebra (A,X) and F be a closed boundary for D. 
Then 5* (A) C F. 

Proof. Let s e 5 (A) and V be a neighbourhood of s. There exists / G ^ such that 1 — > 5 > ll/llx-V' 

By the assumption on D there is some g & D with 1|/ — < j. Hence WgWy > | > llsHjc-y So \\g\\ is 
attained by l^] on V and not onX -V. Therefore F n F 7^ 0. This shows that s € F = F. So S {A) C F 
as required. □ 



PROPOSITION 1.5.2.2. Let {{Ar, Xr)T<v, «,r)a<r<t;) be a system of Cole extensions of {A, X) and t<v. 
Then 5 (A,) =770-^5 (^)). 

Proof. Let J = {t<v: S (A^) = tt^I (S (A)) } . Let r < i; and suppose that [0, r) C J. Clearly OeJ. 

Suppose first that t = a + 1 for some cr < r. Then, if Wcr denotes the set of monic polynomials over A„ 
generating At, we have by Proposition 1.3.2.1 and Theorem 3.5 of [LinlE], that 

S{Ar) = S{A'^')=n-^T {S{A,)). 

(Theorem 3.5 of [LinlE] asserts, in our notation, that S (^(Sm„)'^ = T^ayri^ i^a-)) where Bu^ is a standard 
extension of A^ with respect to Ua ) Hence, by hypothesis, 

S{Ar) = n-^T Kl {S{A))) 

= (7ro,.o^,,,)-i(S(A)) 
= ^o,r {S{A)). 

SOTGJ. 

Now suppose that r > is a limit ordinal, and so X^ = lim^ Xa- . (The argument to show that t ^ J 
is adapted from the proof of Theorem 11 of [Lei] on p. 214.) We first show that t^q]^ (S {A)) C S {Ar). Let 
Keno,l{S{A)). 

Let J7 be a basic, open neighbourhood of k. Thus there exist cti, . . . , C7„ < r and open Ui C X„. such 
that [/ = n?=i7r-i, ([/,). 

Let a = max(f7i, . . . , cr„). Then iTa,,T = T^a^^a ° ''^a,T and so tt^.^^ {Ui) = 7r~:J. {Wi) where Wi = tt"^^ {Ui) 
{i = 1, . . . ,n). Thus Wi is open in X„. Moreover U = {W) where W = fl-L^W^i, an open set in X„. 



24 



Since K e U, Krr = TTa^riK) G W. Wc liaVC TTH.^CKfr) = (^0,(T ° T^a,T){n) = ^0 := 7i"o^r('^') G -S" (^) SO 

K(7 G TTj^CT ('S' (^)) = S {A„). Since the strong boundary points of are dense in S (A^) there exists & W 
and / e with 1 = /(s„) = ||/|| > 

Let s e n^l (scr) and g = 7r*^(/). Then tTo-^tCs) = Scr € W so s e f/ and 1 = g{s) = \\g\\. For a; G Xr — U 
we have 7r(j,x('^) ^ so |5(w)| < 1. 

So s is in [/ and the Choquet boundary of Ar. Since U is arbitrary and S {Ar ) is the closure of the 
Choquet bomidary, k € S {Ar). 

To obtain the reverse inclusion it is enough to show that tt^^ [S {A)) is a (closed) boundary for the 
dense subset U<t<t '^ct t(^c^) by Lemma 1. 

Let a < r and / e A^. Then = ||/|| = for some € S (A,) = Tro^l{SiA)). 

Let K e TT-i (k^). We have 7ro,r(K) = (ttc^ o 7r<^_^)(K) = ■Ko,a{Ka) S 5 (^) and = 
Therefore S' (A^) C ttq^I (S {A)) and so t e J. 

By the transfinite induction theorem, J = [0, as required. □ 



1.5.3. The Choquet Boundary 

Let a{x) be a monic polynomial over the uniform algebra {A,X). We shall write {A°',X°'), for the simple 
Cole extension of A by {a}. We shall show that a similar result to Proposition 1.5.2.2 holds, namely: 

ro(A«)=7r-i(ro(^)) (1) 

For extensions by infinitely many polynomials wc only have an inclusion between the Choquet boundary of 
the extension and the preimage of the Choquet boundary of the original algebra. We do not know if this 
inclusion can be strict. The kind of relationship in (1) can break down eventually, as we now explain. 

Let Wo denote the first infinite ordinal. There is an algebra, {A^^^ X^^^), in a system of Cole extensions 
of {A,X) (see [Col]) where X^^ is metrizable, every point of X^^ is a peak point for A^^, but not every 
point of X is a peak point for A. It follows from the facts mentioned in the introduction to this section that 
in this case ro(.4^o) ^ t^^I.Tq[A). 

Some results on the Choquet boundary of algebraic extensions are already known. The following propo- 
sition is obtained from Lemma 4.2.8(i) of [FeiThes]. 

PROPOSITION 1.5.3.1. Let iS C X be closed and U he a set of monic polynomials over A of the form — / 
where each f{E) C {0}. Then Tq{A^) n tt"! {E) = 7r-i(ro(A) n E). □ 



A general result, which is useful here, is the following. Recall that a peak set for a uniform algebra, (A, X), is 
a subset, K, of X for which there exists some f & A such that f{K) = {1} and for all k £ X — K, |/(k)| < 1. 
An intersection of peak sets is called a peak set in the weak sense. 

LEMMA 1.5.3.2. Let A and B be uniform algebras on the compact, Hausdorff spaces X and Y respectively. 
Suppose that tt-.Y ^ X is a finite-to-one, continuous surjection which induces an isometric monomorphism 

Tr*:A^B; f^foir. Then tt^i (ro(A)) CTo{B). 

Proof. Let kq G ro{A). Then, by Theorem 2.3.4 of [Bro], {kq} is an intersection of peak sets for A. Let J 
be an index set and {Kj)j^j be a family of peak sets for A whose intersection is {kq}. 

Now if is a peak set for A then tt~^ (K) is a peak set for B since for some fGAwe have f{K) = {1} 
and for all n (E X - K, |/(k)| < 1. Put g = 7r*(/). Then g{TT-^ (K)) = {1} and for y ^ tt''^ (K) we have 
|5(2/)I<1_ 

Let TT ^ (kq) ~ {vi, ■ ■ ■ , Uu}. Therefore {j/i, . . . , y„} = Djizjir ^ {Kj) is a peak set in the weak sense for 
B. It is clear that {yi} is a peak set (in the weak sense) for By Theorem 2.4.4 of [Bro] we have 

that {j/i} is a peak set in the weak sense for B. But this is another characterisation ([Bro], p. 96) of strong 
boundary points so t/i € Fq (B) , and the result follows. □ 

The following definition is useful. 
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DEFINITION 1.5.3.3. Let a.{x) be a monic polynomial over a normcd algebra A. Let uj € il{A) and e > 0. 
We shall say that e separates the roots of a at w if for each pair of distinct roots Ai, A2 of u>{a){x) we have 

IA1-A2I >£. 

We require the following lemma. It is used repeatedly in [LinFact], and we reproduce Lindberg's justification, 
with extra detail, for the convenience of the reader. 

LEMMA 1.5.3.4. Let a{x) = ao + • • • + a„_ix"~^ + be a monic polynomial over the normed algebra 
A, kq E O, Vo € N(ko), and po > 0. Let tt be the usual projection fla where fta is the space of 

closed, maximal ideals of the Arens-Hoffman extension Aa- Let Pa-^a C; (w. A) 1-^ A. Let n~^{Ko) = 
{yi-. i = 1,. . . , u}. Then there exists an open set V G N (kq) such that V C Vq, 'k~^{V) =U"=i Wi, and for 
each i = 1, u, Wi is an open neighbourhood of yi such that 7r(Wi) = V and Pa{Wi) C Bc{Xi,po)- 
Proof. Let Ai , . . . , A„ be the distinct roots of 

Ko{a){x) = Ko{ao) H h Ko{an-i)x"'~^ + a;" (*) 

with yi = (nQ^Xi) {i = l,...,u). Let p e (0,po) be such that 3p separates the roots of a at Kq. It is 
well-known from Rouche's theorem (see [Rao], p. 134) that the roots of (*) 'depend continuously on the 
coefficients'. That is, there exists S > such that if 

(3j e Bj := Bc{Ko{aj), 5) (j = 0, . . . , n - 1) 

then for each k G {l,...,u}, BciXk^p) contains ruk roots (counted according to multiplicity) of (5{x) = 
/3o + • • • + Pn-\x^~^ + a;" where nik is the multiplicity of Afc. Since /3(a;) has at most n = J2^=i "^fc roots, 
every root of /?(.t) belongs to Be (Afc, p) for some k E {1, . . . ,u}. 

Let y C Vb n nj=o be an open neighbourhood of kq- Let Wk = ■k~^{V) D pa~^{Bc{Xk, p)). 

Then Wk is an open neighbourhood of yk {k = 1, . . . ,u). 

ClcarlyU]!^! Wk C tt-^{V). Wc have tt-^{V) C U^^^Wfc for if {u, A) G with uGV then the root, A, 
of u!{a){x), satisfies |A — A^l < p for some fc G {1, . . . , u}. Thus (w. A) G Wk- 

Let fc G {1, . . . , u}. Evidently 7r(Wfe) C V. We show that V C 7r(Wfc). If w G let jUi, . . . , /x„ be a list 
of the roots of oj{a){x) repeated according to multiplicity. By the choice of V and S we have p.j G Bc{Xk,p) 
for at least one j G {1, . . . , n}. Thus (w, /Uj) G Wk and so 7r(VF;s) =V as required. 

Finally it is clear from the construction that Pa{Wk) C Bc{Xk,p)- □ 



LEMMA 1.5.3.5. Let a{x) be a monic polynomial over the uniform algebra {A,X). Let kq G X and the 

distinct elements of tt^^ (kq) be yi, . . . , ?y„ where i/j = (kq, Aq*'') and the multiplicity of Aq''' as a root of 
£K,^y{a){x) \s rrii {i = 1, . . . ,m). Let 2e > separate the roots of a at kq and 77 G (0, 1). Then there exist 
y G N (ko) and g € A"" such that 



and, defining ^ > by 



givi) 




J = sup (!<?(«, A) I : («,A)G7r-i(y)np„-i(i3c(A[,'\e))), 



we have ?7 < C < 1- 

Proof. We may assume that tt > 1. Let po < min(£, [(5^)^^*'" 



l]e). By Lemma 4 there exist F G N {kq) 
, u). Note that if 



and Wi G N(?;i) such that n'^ {V) = Uf^^ Wi and Pa{Wi) C Bc(A{,'^po) (« = 1 
A G ^(Ao^^e) and w(a)(A) = for some lo G V then (w, A) G Wi for otherwise (w. A) G Wi for some i > 1 
and so 

2£ < a;^^' - a;^'' < a;^^' - a + 



< s + po < 2e, 
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a contradiction. 
Let 



n 



Pa - 



=2 V^o 



(1) 



A 



Then g takes the required values on tt ^(kq)- 

Since (7(2/1) = 1 we have C""'^ ^ 1 

Suppose K e V, A is a root of SK,{a){x), and 



A-A« 



< £. Then 



i5(«,A)i=n 



A — Aq -I- Aq — Aq 




Hence 1/C < 1/?? as required. 



(since (w, A) S W"i) 



□ 



We can now describe the Choquet boundary of A" as promised. 

THEOREM 1.5.3.6. Let A" be the Cole extension of a uniform algebra {A,X) by the monic polynomial 

a{x). Then ro(^") = tt~^ (ro(^))- 

Proof. By Lemma 2 we have tt^^ (Fo [A) ) C To {A") . To complete the proof wc use Gonchar's 'q;-/3' condition 

(see [Bro], p. 99) to show that tt {Tq[A")) C Tq^A). Let (kq, Ag^^) = yi € Ta[A") where the notation for 
7r~^ (kq) is as in Lemma 4. To show kq is a strong boundary point of A it is enough to show that for all 
Vb e N («o) there exists / e A with ||/|| < 1,/(ko) = 3/4 and ||/||x-_vb < V^- 

Let 2e separate the roots of a{x) at e^o- By Lemma 5, there exists g G A" and F e N (kq) such that 
g{yk) = 1 {k = 1), ff(yfe) = (fc > 1), and = 7/8 < C < 1 where 



C"^ = sup (^\g{K, A)| : (k, A) e tt"^ (F) and 



A- A, 



(1) 



< e 



By Lemma 4, we can further assume that F C Vb, that F is open, and that tt ^ (y) =U"^i Wj where Wi 
is an open neighbourhood of yi such that 7r(Wi) = V {i = 1, . . . ,u). The result now follows if we can find 
feA with 11/11 < 1, /(acq) = 3/4 and ||/||;^_^ < 1/7. 



By hypothesis there is some h € A" with /i(?/i) = 1 



and \\h\ 



replace h by h for some suitably large G N so that \\h 



N\ 



< 1. Since Wi is open we can 



IX^-Wi 



< l/(7n llgll); we shall assume this has 



occurred. 

Set F = {3/4)hg and let / = {n/mi)T{F) where T is the operator A" ^ A as in Section 1.4. Explicitly, 
for K e X we have 



1 



mi ^ 

1=1 



where Ai («;),... , A„(k;) are the roots of eK(a)(a;) repeated multiplicitywise. Thus 

3 
4m 1 



3 3 

/(«o) = T XI '^('^O' ^^i'^o))g{KO, Ai(Ko)) = -. 
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Now suppose Ke X -V. Then tt"^ (k) nW^i = so 

n 

|/(«)| < (3/4) ^ Ai(K))| Ai(K))| 

i=l 
n ^ 

<(V4)E^<V7. 



. , 7n 
1=1 



So ll/llx-y < I/'' (since ^ is open). 



It remains to check that \\f\\x < 1; we need to check that ||/||y < 1. 



Let K <eV and Ai(fi;), . . . , A„(k) be relabeUed if necessary so that Ai(/t) e (i = l,...,mi) and 
Ai(K) ^ W\ for i > mi. Thus we have 

, mi / \ " 1 

|/(/^)|<(3/4)— 5^|M/^,A,(.c))||5(/^,A,(«))|+ — E - 



mi ^ \4miJ ^ In 

2—1 ^ ^ z=mi + l 



1 1 



< 7 + — E(3/4)l5('^>A,(«))|. 

z— 1 



Now by the choice of g we have \g{n, \i{K))\ < 1/C (« = 1, . • . , mi). But 7/8 < ^ so l/(^ < 8/7 and so 
(3/4) \g{K, Ai(K))| < (3/4)(8/7) = 6/7 (i = 1, . . . , mi) 

whence ll/lly < 1/7 + 6/7= 1. □ 

For multiple extensions we have the following result. 

PROPOSITION 1.5.3.7. Let be a set of monic polynomials over the uniform algebra A. Then we have 

TT-i (ro(A))cro(^"). 

Proof. Let Kq S ro(A) and j/o = (^o, Aq) G Tr"^ (acq)- 

Let Wo e N (t/o). We show there exists / e A" with ||/|| < 1 = /(t/o) and ||/||jf«_vKo < 1- 
We may assume Wq is a basic open neighbourhood of the form 

7r-i(yo)nnr^ip-i(i3c(Ao,o.,r)) 

for some Vq e N(«;o), distinct ai,...,Q:„ e ZY, Aq, ai S C (where eK(,(Q:j)(Ao,ai) = (z = 1,. ..,«)), and 
r > 0. 

From Theorem 6 we have ro(^"') = 7r~^ (ro(A)) (1 = !,...,«) where tTj is the canonical map X"' ^ 
X. Similarly let p^: X"* ^ C; (k, A) A (i = 1, . . . , m). 

Set = 7r^"^(Vb) np,"^ (Bc(Ao,ao^)) (e N (kq, Ao,aJ) (i = l,...,u). Then there exists /, e with 

1 = /i(KO, Ao,aJ = ll/ill > ||/i|lx«i-VT 

Now /i is a uniform limit of polynomials in 7r*(^) U {pi} and may be regarded as an element of . 
More formally, we have for every a € an isometric embedding 

in which p* is an isometric isomorphism. It is induced by the homeomorphism 

p: X'' ^ (x")"-{">; («, A) ^ ((«, A„), (A^,)^j^„) . 
Let fi 6 denote /j under this identification. Let f = fi • - - fw Then / € and we have 

u u 

1=1 i=l 

Also 11/11 < nr=i||/^|| = UtiWMl - 1- Finally for y = (k, X) ^ Wo wc have («;, A) ^ 71-1(^0) or 
(k, A) ^ (-Bc(Ao,ai, J^)) for some i & {1, . . . , u}. So there exists i G {1, . . . ,u} such that {kq, Ao.aJ ^ ^ 
and consequently |/i(Ko, Ao,aJ| < 1- So \f{y)\ < 1. □ 
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Chapter 2 

Further Properties and Applications of Algebraic Extensions 



In this chapter we present some miscellaneous applications of the constructions of the last chapter. 
2.1. Integrally Closed Rings 

2.1.1. Introduction 

It is occasionally useful to be aware of the presence of integrally closed, countable, dense subsets of a normed 
algebra; see, for example, [Col], Theorem 2.5. We show that a normed algebra. A, with a countable, dense, 
subring, R, can be extended to a normed algebra, B, with an integrally closed, countable, dense subring. 
This problem can be solved in the same category, na, Ba, or ua, as A. 

2.1.2. Integrally Closed, Countable, Dense Subrings 

The following lemma must be well-known. 

LEMMA 2.1.2.1. Let i? be a countable, infinite ring and {xi, X2, . . .} be a sequence of commuting indeter- 
minates. Then R[xi, X2, ■ ■ ■] is countable. 

Proof. Since R is an infinite ring, ^R[xi] — ^R — Hg |N|) (see, for example, [4DIS], Corollary A3. 4, 
or [Hal] for more general results). By induction we see that R[xi, . . . , Xn] has cardinality Hq for all n G N. 
The result is now obvious since there is a surjection IJneN -^i^i' ' ' ' > ^n] ^ R[xi,X2, ■ ■ ■]■ □ 



LEMMA 2.1.2.2. Let A be a normed algebra with a countable, dense subring, R. Let U he a set of monic 
polynomials over R and Bk be a standard normed extension of A with respect to U. Then the ring of 
polynomials in the standard roots, {^a '■ a S ZY}, over R, is dense in Bu. 

Proof. (Refer to Section 1.2 for the notation for standard extensions.) By Lemma 1 wc can assume that 
U = {ao, ai, . . .} and take the well-ordering on U given by aj < ak if and only ii j < k for all j, k € Nq. Set 



B 



<k 



Ui<:kBi if fc > 0, and 
I A if fc = 0. 

By definition, Bu = UfeeNo where for all k G Nq, there is a canonical, isometric isomorphism 

ipk-B^k[x]/{ak{x)) Bk- 

Recall that the standard root of ak{x) is = ijjk{x). If fc = 0,£ > 0, and b G Bq arc given then 
there exist (unique) bo,. . . , 6„_i G A such that b = ^2^=0 ^i^ao where n = n{aQ) is the degree of ao{x). 

By hypothesis there exist cq, . . . , c„_i € R such that b — YI'^Zq '^j^ao ~ ^]=o W^i ~ "-ill *ao ^ ^' ^i^^ce 

^"Jq Cj^^q G RiD Bq we have that i?i fl Bq is dense in Bq. 

Now let fc G N and suppose that i?i n Bi is dense in Bi for alH < fc. Let b E Bk and e > 0. Let 
n = n(afe). There exist bo, . . . , bn-i G i?<fe such that b = J2^=o ^j^ak ■ comments above there is some 

I < k such that bo, - ■ ■ , bn-i G Bi. A similar argument to the case when fc = now shows that Ri fl Bk is 
dense in Bk- 

By the principle of mathematical induction, Ri fl Bk is dense in Bk for all fc G Nq and therefore Ri is 
dense in Bu as required. □ 



We can now establish the result mentioned in the introduction. 
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PROPOSITION 2.1.2.3. Let A be a normed algebra with a countable, dense, subring, R. Then there exists 
a normed algebra, B, in the same category, na, Ba, or ua, as A, such that B has an integrally closed, 
countable, dense subring. 

Proof. Let Ri be as in Lemma 2. Note that there exists a surjection i?[a:i,a:2, . . .] -Ri so Ri is countable. 
It follows from Proposition 1.3.2.1 that i?i and i?i are dense in the Narmania and Cole extensions (where 
applicable) oi AhyU, Au and A!^ , respectively. Let Ax and 9\ denote the extension and embedding in the 
appropriate categories. (See Section 1.2.3.) 

By induction we can construct a direct sequence 

A = A^^ Ar^ A^^ ■■■ {S) 

of normed algebras and isometric embeddings in each of the categories where for all k G Nq, Aj. has a 
countable, dense subring, Rk and every monic polynomial over Rk has a solution in 

It only remains to take the direct limit, A^^^^ of (5) in the appropriate category. (See Appendix 2.) 
Thus Ai^Q has a dense subalgebra D = UfcGNo ^fc^^ol^fe) where the 9k,ojo are the canonical maps A^^. 

Let be the countable, dense set UfegNo ^k,ujo{Rk) C D. It is easy to check that R^^ is an integrally 
closed ring. □ 



2.2. Regularity and Localness 

2.2.1. Regularity 

The notion of regularity applies to any algebra; see, for example, [Pal], Section 7.2. A unital normed algebra, 
A is regular if for each closed set E ^ZQ. and u ^il — E there exists a ^ A such that a{E) C {0} and a{u) = 1, 
where O is the space of closed, maximal ideals of A. 

Algebraic extensions in the category Ba seem to behave well with respect to regularity; by one of 
Lindberg's theorems in [LinAE] any Arens-Hoffman extension of a regular Banach algebra is regular. Results 
in [Kar] and [FeiNTSR] show that Cole's universal root extensions for adjoining square roots are regular 
if the base algebras are. In contrast, in the category of normed algebras, regularity is not always preserved 
by Arens-Hoffman extensions. We shall give an example to demonstrate this in Section 2.2.2. 

First of all we generalise the result of Lindberg mentioned above to standard extensions. Please refer 
to Section 1.2.2 for the notation for standard extensions. 

PROPOSITION 2.2.1.1. Let ^ be a regular, commutative, unital, normed algebra and Bu a standard normed 
extension with respect to a set of monic polynomials U C A[x\. Then the completion of Bu is regular. 
Proof. Without loss of generality we may assume that U has a maximum element, ai. Let 

i7 = |a < ai : is regular | . 

Let the least element oiU be ao- Let a €U and suppose that [ao, a) C J'. If a = ao then Ba^ is isometrically 
isomorphic to A[x\ j (Q;o(a^)) and so its completion can be identified with / {a.Q(xf}. This follows easily 
from the universal property of Arens-Hoffman extensions and the uniqueness of completions. (The fact 
was stated for restricted sets of polynomials in [Heu]; for a proof of the general case see Theorem 3.13 of 
[4DIS].) Now A is regular since A is regular and dense in A (so they have the same continuous-character 
space). Hence by Lindberg's theorem in [LinAE], Ba^ is regular. 

Now suppose a > OLQ. Then (up to isometric isomorphism, as usual) B^ = B^a[x\ / {a{x)) where 
B<a = U/3<a By Lindberg's result, it is enough to prove that B^a is regular. 

Let 

y,y'eO(B<a)=0(B<„) 

= {(w, A) e n{A) X cI""'") : for all /? < a oj{(3){Xp) = o} . 
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Sec Section 1.3 for a description of the space of closed, maximal ideals of a standard extension. Note that 
for any /3 < a, i?<a and Bfj are standard extensions of A. There is therefore a continuous surjection 

The effect of T^ajj is simply restriction, under the identifications made in Section 1.3. 

Let y — {oj, A) (w', A') = y'. It is enough to show that there exists a e such that a{y') = 1 and 
a~^(0) is a neighbourhood of y. It lo ^ ui' then, since A is regular there is an a e A with a{w') = 1 and 
a~^{0) G Nq(^) (w). Now, if a is considered as an element a^^^ of -B<q, we have ob^Tq = Sott where tt is the 
usual projection f^(B<a) ; (p. So a^„(y') = 1 and os^a^^lO) = '^^^ («"H0)) € No(b^^) (y). 

Now suppose that w = w' so that A^ ^ A'^ for some (3 < a. Let z = 7r^,a(2/) and z' = 7r^,a(2/')- Then 
z ^ z' so by hypothesis there exists b G B/} such that = 1 and &~^(0) € Nn(B^) (^;). 

We may realise B/s as the closure in of Bf3 and therefore regard 6 as an element a := bg~^ G B^a 
whose Gelfand transform is a map a = b o tt/^ Q{B^o:) = ^(-S<a) — > C. So again d{y') = 1 and a~^{0) G 

Therefore the completion of iJ<a is regular and a G J . By the transfinite induction theorem, J = U. 
This completes the proof because Bu = Bai ■ □ 

COROLLARY 2.2.1.2. Let ((A^), {Or^_T-)cr<T : o", t < v) be a system of Narmania or Cole extensions of the 
regular Banach algebra A. Then At is regular for all t < v. 

Proof. The proof is routine and has been given in special cases in [FeiNTSR] and [Kar]. We supply the 

details for the benefit of the reader. 

Let J = {t < v: At is regular}, t < v, and suppose that [0, r) C J. By assumption G J. If r = cr+1 
for some a < t then by Proposition 1.3.2.1, the Narmania extension A^^u^ equals B^^^ and is regular by the 
proposition above. If A^, is a uniform algebra then the Cole extension A^" is regular since, by Proposition 
1.3.2.1 again, A^" can be identified with the sup-norm completion of the regular algebra ^o-.ZY^- 

It remains to check the case where r is a non-zero limit-ordinal. To do this we show that the dense 
subalgebra D = ^a<T()a,T{Aa) C At contains enough functions to satisfy the regularity condition. 

Now, as in Proposition 1.3.2.2, 

{^T, (7r<T,r)a<T) = lim ii^a), (TTp.a) : P < (T < t) 

where TTp = 0* y.u) i— > w o 6p^cr for all p < a < t;. 

Again it is convenient to work with the concrete space 

0.r = {k S Xo.<rf^(7 : for all p < a < T Kp = TTp^ail^a)} 

so that tTct^t is the restriction to of the coordinate map for all a < t. 

Let y and y' be distinct points of ^t- Recall that E° denotes the interior of a subset of a topological 
space. We show that there exists b G D with 

yGb-^{0)° and b{y') ^ 1. 

Since y ^ y' there exists a < t such that y^- ^ y'„. By hypothesis there exists b^ G A„ with y„ G 6o-~^(0)° 
and ba{y'a) = 1- 

Let b = 6a^T{ba)- The following calculation shows that b = b„o -K^y. for all k e fir j 

b{n)=e„Abay{K) 

= K,{0a,T{ba)) = {ko Oa,T){ba) 
= ■n-a,T{K){ba) 
= ba{TTa,T{K)) 
= (&<7 7rCT,r)(K)• 
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Therefore 6-^(0) = w^^r''^ (^6^-^(0) j D U where U := tt^^t''^ (^C"^(0)°) is open. We have y € U since 
7ra,r(2/) = 2/a e 6^-1(0)°. Finally, b{y') = (k o na,r) iv') = Kiv'a) = 1- □ 



2.2.2. Localness 

We remind the reader about a notion which is related to regularity. It is of interest in the theory of uniform 
algebras. 

DEFINITION 2.2.2.1. Let ^ be a unital normed algebra. The function /: — > C is said to belong locally to 

A at uj G n if there exists a E A and a neighbourhood, V, of w, such that f\v = a\v- We say that / is locally 
in A ii f belongs locally to A at every point of The normed algebra A is said to be local if A contains 
every function on f2 which belongs locally to A. 

The first example of a non-local uniform algebra was given in [Kal]. It is standard that if A is a regular 
normed algebra then A is local (for a proof of this, see [Pal], Lemma 7.2.8). We give an example of a regular 
normed algebra whose Arens-Hoffman extension, Ac, is not local. 

EXAMPLE 2.2.2.2. Let A be the algebra of continuous functions on 7 = [0, 1] which are piecewise polynomial. 
To be explicit, for each p G A there exists a partition (0 = to < ii < • • • < in = 1) of 7 and polynomials 
(pi, . . . ,Pn) such that 

p{t)=Pi{t) tG[ti-i,ti], i = l,...,n. 

The algebra A is dense in C(7) in the sup- norm by the Stone- Weierstrass theorem. Therefore its space of 

continuous characters, il, can be identified with the character space of C(7), which is known to be 7 (by the 
example after Definition 1.1.3.1). The algebra is clearly regular (on 7) since it contains all piecewise-linear, 
continuous maps. 

Let ao{t) = t (t G I) so that a{x) = — ag G A[x]. Let Ac denote the Arcns-HofFman extension of A 
with respect to a{x) for some choice of norm parameter (for example, 1). The continuous-character space 
of Aq, is f2a = {(t, A) e 7 X C : A^ = t} which is homeomorphic to J := [—1, 1] under the map 

(f. J ^ r^Q,; A 1-^ (A^, A). 

Let E = Lp {[0,1]) and suppose b G Ac satisfies b{E) = {0}. There exist bo,bi G A such that b = bo + bix. By 
repeating some of the polynomials if necessary we can assume that bo and bi are defined by the polynomials 
(pi, . . . ,Pn) and {qi,. . . , Qn) respectively and the common partition {to, . . . , t„) of 7. 
By assumption we have for all A e [0, 1] that 

{boip){X) = bo{X'') + Xh{X^) = 0. 

Consider a subinterval {ti-i,ti) for i G {1, . . . , n}. Then for all A G {^yti-i, y/U), 

Pi{X^) + Xqi{X^) = b{<p{X))=0. 

But the functions A i— > 1,A, A^,... are linearly independent on [^ytt-i, \/ti\ so Pi = Qi = 0. Since i was 
arbitrary, bo = bi = 0. Therefore 6 = 0. So b{tp{[0, 1])) = {0} implies that 6 = 0. 
We now show that Aa is not local. Consider 



5: J — » C; A H- » 



(|)(A^-i) Ae[-i,-i] 
Ae[-i,i] 



Then g :— g o ip ^ e C{Qa)- We show that g belongs locally to Aa- We know that g does not belong to Ao 
because ^(<^([0, 1])) = {0} and 5^0. 
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Let Ui = (p{[—l, 0)) and U2 = <^((— |, 1]). Then {1/1,1/2} is an open cover of f2„. Also g\u2 is constant 
and so belongs to Aa\u2- 
Let 

r i e [0, i] 



a: I ^ C; 1 1-^ ■ 
Then a e A and for all A e [-1,0), 

{a + Oxy{ifi{\))=a{X^) 



'(|)(A^-i) A e [-1,-1] 
.0 Ae[-i,o) 

So 3|(7i = a\u^. □ 



We now combine methods of Cole and Sidney (see [Col] and [Sid] respectively) to produce an extension 

of a given uniform algebra, {A,X), which is local and integrally closed. Of course, it is easy to produce a 
trivial solution to this: we can take a Cole extension of C{X) which is an integrally closed algebra, C{X)i^^, 
and, by Proposition 1.4.2.3, C{X)^j^ = C{X^^), which is local. However in the construction below, the Silov 
boundary of the extension will be proper if the same is true of A. 

THEOREM 2.2.2.3. Let (^4, X) be a uniform algebra. Then there exists an integrally closed, local, uniform 
algebra which is an isometric extension of A and which has a proper Silov boundary if the Silov boundary 
of A is proper. 

Proof. First let us fix some notation. For a uniform algebra, B, let L{B) C C{Q.{B)) denote the closure of 
the algebra of the functions locally in B. Let U{B) denote the set of monic polynomials over B. 

By first passing to A (this preserves the Silov boundary of course; see [Lei], p. 52) if necessary, we may 
assume that A is natural. 

Let Ui > be an ordinal, v <vi, and suppose we have chosen natural uniform algebras, {At,Xt)t<v, 
and continuous, open surjections {-K^r'-Xr Xa)a<r<v such that 

(i) (Ao,Xo) = (A,X); 

(ii) if r = cr + 1 < i; for some a < t then At = L{A„)^'-^'^\ the Cole extension of L{Acr) generated by 
h({Acr), the set of all monic polynomials over A^ C L{A^); 

(iii) if < T < u and r is a limit ordinal then {{Xcr)a<T, {''^p,<t)p<ct<t) is an inverse system with in- 
verse limit (-^^T, (7ro-,r)<T<r) and (A,-,Xi-) is the direct limit (see Appendix 2) of the direct system 

{{A^)a<T,{T^*p,„- f ^ f OTrp,a)p<a<r); 

(iv) for all r < v, S (Ar) = tTq I {S {A)). 

By the transfinite recursion theorem we can obtain a system satisfying the above conditions with v = Vi 
if we can replace '< f' everywhere by '< v\ (This is obvious if f = 0.) 

First suppose that v = t + 1 for some t < v. Then set A^ — L{Ar)^^"^^K By a result of Rickart 
([RicMIS]) we have r2(L(^r)) = ^{Ar) = Xr- So, since i(A^) is natural, the Cole extension is too by 
Proposition 1.3.1.3. Let -Kt^v be the usual projection X^ X^ where X^ is the space, X^'^^^\ underlying 
Ay, and define tt^.i; = tt^.t ° t^t,v for a < t. All these maps are continuous, open surjections by Lemma 
1.3.2.2 and the inductive hypothesis. 

We have S'(A^) = tt'^ {S(L{Ar))) by Proposition 1.5.2.2. It follows from a remark in [StoMIS], 
S (^(At-)) = S {At) and so by hypothesis 

S {A,;) = TT-i (ttq-i {S {A))) = (tto,. o 7r,,,)-^(^ (^1)) = n^^l {S (A)) . 

Now suppose that u is a non-zero limit ordinal. Let 

(X„, {TTr,v)T<v) = ^^^{{Xt)t<v, {T^cr,T)<7<T<v) , and 
{Av, iK,v)r<v) = lim{{Ar)r<v, «,r)<T<r<i;) 



33 



(see Appendix 2). By Proposition 1.3.1.2, A.^ is again natural. The proof of Lemma 1.3.2.2 shows that the 
maps (tTi- v)t<v are open surjections. The same arguments as in Proposition 1.5.2.2 show that S {A^) = 

Therefore wc can obtain a family {A^,Xv)v<vi satisfying conditions (i)-(iv) above where Vi = Wi, the 
first uncountable ordinal. 

A similar argument to the one used in Section 1.2.4 shows that 

V<Ull 

and that A^^^ is integrally closed. 

To prove that A^^^ is local let / e C{X^^) belong locally to A,^^. It has been noted in Proposition 1.4.2.3 

that 

C{Xu,i) = lim((C(X„))tj<t^j, {■7T*^y)T<v<ui 

V<U1 

Hence / e Ko,ojii(^i^vo)) for some vq < ui. 

Let {Vi,..., Vn) be an open cover of X^^ and /i, • • • , /n e A^^ = \J^^^^ tt*^^^ with 

f\vi=fi\vi {i = l,...,n}. 

Since (Tr* ^^^^ ^^'"^)v<u;i increasing family of algebras we can take v < coi with /i, . . . , /„ G t^v^ui i^v) 
and / e 7r*_^j {C{X^)). Let gi, ... ,gn e A^ and g e C(X„) be such that / = w*^^^ (g) and = w*^^^ {gi) {i = 
l,...,n). 

Since tTv^^ji is an open map, (C/i)"=i is an open cover of X^ where Ui = 7r,;,t^i(l^) (i = 1, . . . ,n). Fix 
i £ {1, . . . ,n} and let GUi = tt^^ui (Vi) and k GVid tv^^j^ (kv)- Then 

9{kv) = (.9 o '^v,lji)(k) = .f{n) = fi{K) 

= {9i o '^v,i^i){K,) = gii^v)- 

So .g|r/i = gi\u, and 9 is locally in A-^. 

Therefore g e L{Av) and 7r*^„_,_]^(5) G A^+i. Let ft. = 7r* ,^^((7) G ^0;^. For k G X^^, k G Vi {i G 
{1, . . . , n}) we have /(k) = fif(K;„) = h{K) so / G A^^^ . □ 
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Chapter 3 

Algebraic Extensions and Topology 



The well-known interaction between topology and Banach algebras (see Appendix 1) has borne many fruit in 
the literature on algebraic extensions. See [Gor] , [Cou] , [Zam] , and [Hos] for further details and surveys of 
this. The last two references use algebraic extensions to classiiy certain classes of covering spaces of compact, 
Hausdorff spaces, but we shall not pursue this subject. However, the first two papers are in the same in the 
same vein as the results we shall present in this chapter. 

We investigate which properties of fl are shared by ri(£?), where B is an algebraic extension of A. 

In the latter half of the chapter we focus on Cech cohomology. This has been used in [Hat] (among other 
papers) to characterise conditions on the compact, Hausdorff space X which ensure that certain algebraic 
equations over C{X) have solutions in that Banach algebra. 

Another purpose of this chapter is to prepare the ground for Chapters 4 and 5. 

3.1. Dimension 
3.1.1. Introduction 

The notion of the dimension of a topological space generalises that of the dimension of Euclidean space. We 
shall only be concerned with compact, Hausdorff spaces in which case dimension can be characterised by the 
condition given in Definition 3.1.1.1. We set 



DEFINITION 3.1.1.1 (sec [Pea], Theorem 3.2.2). Let n G No and X he a compact, Hausdorff space. Wc 
say that dimX < n if and only if for each closed set E C X and continuous map fo-E 5", there exists 
a continuous map f:X — > 5" such that /|b = /q. If the statement is false for all n e Nq then we write 
dimX = oo. For n G No, we say that dimX = n if dimX < n but it is false that dimX < n — 1. 

Dimension is interesting for us because, by Proposition 3.3.2 of [Pea], the condition dimX < 1 is equivalent 
to C{X) having a dense invertible group, the subject of the next chapter. 

The dimension of X is also related to algebraic equations: it has been characterised (see [Pea] , Chapter 
10) entirely in terms of the solvability of algebraic equations over subalgebras of the real Banach algebra 
C(X, R), the continuous, real- valued functions on X. 

Furthermore, dimension, together with Cech cohomology (see the next section in this chapter), was used 
in [Hat] to characterise all locally-connected, compact, Hausdorff spaces X for which the following holds: 



3.1.2. Dimension and Algebraic Extensions 

We establish the simple result, some cases of which are proved in [Kar], that forming algebraic extensions 
of a normcd algebra A cannot lead to a normcd algebra whose continuous-character space has dimension 
greater that dim Q. Note that when r is a non-zero limit ordinal and fi^ is the maximal ideal space of the 
rth algebra in a system, {{A^)„<y, {9p^a)p<a<v), of algebraic extensions of A then = lim^{na)a<T- To 
see this, the same argument as is used in the proof of Proposition 1.3.2.2 shows that 





for all / e C{X) there exists a root in C{X) of — f. 




Qt- — > {k e Xa<r^u '■ for all p < (T < 
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is a homeomorphism. 

PROPOSITION 3.1.2.1 (from [Kar], Theorem 4). Let fl be the continuous-character space of A and 

V be an ordinal number. Let fl^ be the continuous-character space of the rth algebra in a system, 
{{A„)„<y, {0p^a-)p<(T<v)i of algebraic extensions generated by A. Then dim fir < dimfi. 
Proof. (This is a rewording, in greater generality, of Karahanjan's proof.) The result is obvious if dimfi = oo 
so we may assume that dim Sl = n G Nq. Let J = {t < v: dim fir < n} and suppose that [0, r) C J. Clearly 

e J. 

Suppose that r is a non-zero limit-ordinal. Then, by Corollary 8.1.7 in [Pea], since fir is the inverse 
limit of {fl(r)<T<T it has dimension not more that sup^^^ dim ficr < n. 

Now suppose that r = a+1 for some a < t. Then Ar = E{A^,U), the algebraic extension of Ac obtained 
by adjoining roots of each element of ZY, a set of monic polynomials over A^. By Proposition 1.3.2.1, Ar can 
be realised as a direct limit of normed algebras E{A„, U) obtained by applying the appropriate construction 
to Ac for finite subsets, U, of U. By Lemma 9.2.16 of [Pea], we have that if X and Y are compact, Hausdorff 
spaces and /: X — > F is a continuous, open surjection with finite fibres then 6xmX = dimY. By Proposition 
1.3.2.2 we therefore have that for aU U e ll<'^° 

dimfl{E{Ac,U)) = dim fl^ < n. 

Then by the result used in the previous paragraph we again have that 

dimQ^ = dim\im{fl{E{Ac,U)) : U G W<"») < n. 

Therefore r e ^7 in all cases and by the transfinite induction theorem J = [0,v]. □ 

It would be interesting to know if the change from fl to fl^ did not lower dimension. For then we would be 
able to construct topological spaces of arbitrarily high dimension with the properties (such as 'hereditary 
unicoherence'; see [Cou]) known to be enjoyed by spaces underlying certain algebraic extensions. 

3.2. Cech Cohomology 

Every compact, Hausdorff space, X, gives rise to a sequence, (i?"(X, Z))„g]sro, of abelian groups called the 

Cech cohomology groups of X. An excellent introduction to Cech cohomology is [Tay]. 

Let G{A) denote the group of invertible elements of our generic algebra, A, and denote the subgroup 
{b G A: there exists a G A such that b= e"}. 

It is well-known (sec, for example, [Tay], p. 137) that H^{X,Z) = G{C{X)) / e^(^\ If fl is the 
maximal ideal space of a Banach algebra, A, then the celebrated Arens-Royden theorem asserts that 

G{A)/e^ ^ C?(C(Q))/e^(^) ; e^a ^ e^^^^a 

is an isomorphism (see [Pal], Theorem 3.5.19). 

3.2.1. Introduction 

The following example shows that the the condition H^{X, Z) = need not be preserved when X changes 
from fl to fla, where fla denotes the space of closed, maximal ideals of an Arens-Hoffman extension, A^, of 
A. Let A = C{I) and a{x) = {x - e^'*){x - e"'^'*). Then 

= {(i,A) e / X C: A = e±"*}, 

and the map (p: la S^; {t, A) h-^ A is a homeomorphism. It is well-known that every continuous function on 

1 with no zeros has a continuous logarithm ([Lei], p. 198) while idsi G G{C{S^)) has not (see, for example, 
[Rao], p. 28). 
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However, we shall prove, in Section 3.2.3, that the converse is true. That is, if Cl^ is the closed, maximal 
ideal space of the vth algebra in a system of algebraic extensions then 

H\n^, Z) = implies Z) = 0. (1) 

The result has interesting consequences for Chapter 5. 

It is not easy to work with the purely topological definition of Cech cohomology groups and our methods 
make strong use of the Arens-Royden theorem. Along the way we obtain an interesting result. Lemma 3.2.3.2, 
about the Cech cohomology of general direct limits of Banach algebras. 



3.2.2. Logarithms in Algebraic Extensions 

We now give the detail behind (1). The key to doing this is to establish the result for simple Arens-Hoffman 
extensions, in the next lemma, and then to extend the result to direct limits (Lemma 3.2.3.2). 

LEMMA 3.2.2.1. Let A be a commutative, unital Banach algebra and a{x) be a monic polynomial over A. 
Let fla denote the maximal ideal space of Ac, the Arens-Hoffman extension of A by a{x). Then 

(i) \i a G A and a S e^^ then a G e'^, and 

(ii) Z) = implies that H^{n, Z) = 0. 

Proof. We prove (i); the second statement quickly follows from this. Note that since is also the maximal 
ideal space of the Arens-Hoffman extension of C(f7) by a{x) = oq + • ■ • + o^ix""^ + a;" we might as well 
assume that A = C(f7). (This avoids using the Silov idempotent theorem in the following argument.) 

Suppose that f £ A — C{n) is invertible and that there exists h G C{^l)a such that / = e^. 

Let g = T{h) where T is the operator — > ^4 of Section 1.4.2. Then g & A and 

1 " 

where Ai(k), . . . , A„(k) are the roots of £^(a)(a;) repeated by multiplicity. So for each k e fi, 

(es('=))" = exp {^h{K,\k{K)^ 

n 
k=l 

So for each k € O there exists a unique m(K) S {0, . . . , n — 1} such that /(k) = (J^i'^) e^^'^^ where C ~ g27ri/n 
Now T] = e~^f € ^ so the sets ilk = V~^{C'') open, disjoint in, and cover fl. Hence there exists 
V G A such that v\q^ = 2'jTik/n (fc = 0, . . . , n — 1). Put g = g + v. Then for all k G Cl, if k G Clk, 

So / = as required. □ 



3.2.3. Logarithms in Direct Limits of Normed Algebras 

In this section, A need not be commutative. Recall that if the unital Banach algebra, A, is not commutative 
then Gi{A), the component of G{A) containing the identity, is the normal subgroup of all finite products of 
elements of e"^. For other facts about Gi{A) see Chapter 10 of [RudFA]. In particular we shall need the 
following elementary observation. 

LEMMA 3.2.3.1. Let A be a unital Banach algebra and x e G{A) - Gi{A). Then for all y e Gi{A) we have 
\\x — y\\ > 
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Proof. It is enough to show that -8^(1, 1) C Gi (A) for if this holds and ||a; — y\\ < || for x € G{A),y e 
Gi {A) then we have 

II 1 — j/x""'" II = II (a; — II < 1. 

From this we have yx~^ G Gi{A) so that y G Gi{A)x and x € Gi{A), a contradiction. 

We have the elementary fact that .8^(1, 1) is contained in the path component of the identity, 1, of A 
for, if a; e -6^(1, 1) then 

F: I ^ A; t ^ {1 - t)x + tl 
is a path in A connecting x and 1. Moreover, ||1 — F{t)\\ < 1 for alH e / so imF C G{A). □ 

For the standard facts and constructions of direct limits we refer the reader to Appendix 2. 

LEMMA 3.2.3.2. Let {A, {9i)iQj) be the direct limit of a system of unital Banach algebras and unital 
homomorphisms of norm 1, 

{{Ai)i^j, {Oi,j)i<j). 

Fix i G J and suppose that for all j > i, 

OijiGiA) - Gi(A,)) C G{Aj) - G,{Aj) (*) 

Then 

Oi{G{Ai) - Gi{Ai)) C G{A) - Gi{A). 

Proof. Suppose Xi G G{Ai) — Gi{Ai). By (*) wc have that for all j > i, 0i.j{xi) ^ Gi{Aj). Thus for 
all j > i and yj G Gi{Aj) we have \\yj — Oi,j{xi)\\ > \\Oi,j{xi)~^\\ ^ . Also, ||^i,j(a;i)~"^|| = ||^i,j(a^i~^)|| ^^'^ 
— have that 

for all j > i, yj G Gi{Aj) \\yj - 9ij{xi)\\ > \\xi~'^\\~^ (f) 

Suppose Oi{xi) G Gi{A). There exist Ci,...,c„ G A such that 6i{xi) = e'^i---e^". The map A" 
A ; (&!,...,&„) e**! • • • e^" is continuous and so there exists 5 > such that for all G A, 

||gdi . . . gd„ _ 0^(a;^)|| < £ := ||xi^"'"|| if X]fc=i Mfe ^ Cfell < S. Now Uj(zj0j{Aj) is dense in A so there exists 
j > i and 6i, . . . ,6„ G Aj such that J2k=i W^^ji^k) — Cfe|| < 6. Note that, since 9j is continuous, we have 
yj := ej{wj) = e^^(^i) • • • e^^'^*'") G Gi{A) where wj = e^^ • • • e*"" G Gi{Aj). 
By the construction of the normed direct limit, 

\\yj-Oi{xi)\\ = \\ej{wj-eijixim 

= limsup \\Oj^k{wj - 9ij{xi))\\ < s. 

k>j 

Thus there exists k> j such that supj/>^ \\9jj'{wj — 9i,j{xi))\\ < e. Therefore 



-1 



and this contradicts (f). □ 

We remark that, in the category of commutative, unital Banach algebras and isometric isomorphisms, the 
lemma above follows from the Arens-Royden theorem and the 'continuity of Cech cohomology'. 
The following special case of Lemma 2 helps in Corollary 5. 
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COROLLARY 3.2.3.3. Suppose the commutative, unital Banacli algebra A has a dense subalgcbra Ui^jAi 
where J is a well-ordered set and for each i G J, Aj is a unital, Banach subalgebra of A. Let be the 
minimum of J. Then, provided that 

G{Ao) - e^o C G{Ao) - \J e^^ , 

j>0 

we have 

G{Ao) - C G{A) - e^, 

and so if H'^{Q{A), Z) = then H'^{n{Ao), Z) = 0. □ 

The next two results could be easily be extended to Narmania extensions, using the Arens-Royden theorem, 
but in this thesis our only interest is in their consequences for uniform algebras. 

COROLLARY 3.2.3.4. Let A be a uniform algebra with maximal ideal space O. Let A^ denote the Cole 
extension generated by a set of monic polynomials, U, over A. Then H'^{Ctu, Z) = implies that H'^{Ct, Z) = 
where is the maximal ideal space of A^ . More generally, 

TT* {G{A)-e^) CG{A^)-e^". 

Proof. We express as a direct limit of Cole extensions by finite subsets of U to obtain the result. In 

order to do this we need to make some preliminary observations. For all S C U, let {A^,fls) denote the 
Cole extension of A with respect to S and let the canonical maps be denoted as follows: 

TVS- ^^ (t^j A) I— > u); 

Notice that for all J7 '^VCU there is a continuous surjection 

It induces an isometric monomorphism 

'^u,v- G{^u) c{nv); f ^ f o T^u,v- 

It is easy to check that i^iJviPa.u) — Pa,v and that Tr^y o tt^ = ny. Since A^ is generated by 7r^(A) U 
{Pa,u ■■ a€U}we have Tr^ y{A'^) C A^ . 

It is clear that D := U(7gw<"o ''^uui^^) dense in A^ . By Corollary 3 it is enough to show that for 
all a e G{A) - and U e U<'^° we have 7r*(a) = 7r^j^(a) ^ e''^."*^"'. Suppose that b e A^ is such that 
''''lui^') ~ e'^"''^^^K Since tt^j^ is continuous, e'^^."'*^ = 7r^j^(e*). We also have tt^ ^^(a) = n^^ui'n-l and 
since tt^h is injective this gives tt^ ^j{a) = E A'^ . 

An argument similar to the one at the end of the proof of Proposition 1.5.3.7 shows that A^ is isomet- 
rically isomorphic to A extended finitely many times by the Cole construction. It now follows inductively 
from Lemma 3.2.2.1 that a G e^, a contradiction. Since U was arbitary, this completes the proof. □ 

COROLLARY 3.2.3.5. Let ((Ar,rir), {'^a t)'^<t<v) be a system of natural Cole extensions of {A,fl) in the 
usual notation. Then for all r G [0,v], 

In particular, Z) = implies that H'^{n, Z) = 0. 
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Proof. Let J = {t <v: 7t^.^{G{A) - e^) C G{Ar) - e^^-}, and suppose that [0,t) C J. 

First suppose that r is a hmit ordinal. Clearly G so we can assume r > 0. Then At = \\ui-^{A„ : a < 
t) and lJdr<r ^(t.t(^<t) is dense in At- We have 

G(7r^_^(A)) - e'^'^'-^^^ = TTl^TiGiA) - e^) (since tt^,^ is injective) 

- n ['^o,r(<^(^)) - '^CT,r(e'*'')] (by inductive hypothesis) 

(T<r 

= nlAGiA)) - y <.(e^^) = G(7roV(A)) - IJ e<^(^'\ 

<T<T <T<r 

So r e J by Corollary 3. 

Secondly suppose that r = cr + 1 for some a < t. By Corollary 4 we have 

7r;,(G(^<.)-e^-)CG(^,)-e^-. 

By hypothesis Tr^^^{G{A) - e"^) C G(A<,) - e^" . Thus 

7roV(G(A) - e^) = (7roV(G(A) - e^)) C G{Ar) - 

so r e J. 

By the transfinite induction theorem, J = [0, v] as required. □ 

The results in this section suggest that if B is an integral extension of A then H^{^1, Z) vanishes whenever 
H^{Q{B), Z) does, but we do not know if this is true. 



40 



Chapter 4 

The Invertible Group of an Extension of a Normed Algebra 



We study the group of invertible elements of A in this chapter. Notation for this group was introduced in 
Section 3.2. 

The reason for investigating G{A) was that it yielded an insight into a famous open problem of Gelfand. 
He asked (see [GelSCF]) if every natural uniform algebra on the unit interval is trivial. For a brief history 
of this problem sec [Rud], Chapter 22. We describe how our work applies to the problem in Section 3. This 
leads to a natural question, which is taken up in Chapter 5. 

In the first section we collect some elementary results and examples about G{A). 

In the following section we pursue our programme of investigating which properties are common to 
A and its algebraic extensions. We show that, in Ba, if A has dense invertible group then so does every 
algebraic extension. This allows us to simplify some arguments of Karahanjan in the examples in [Kar]. We 
also note, in this section, two other types of extension of A to which our methods apply. 

4.1. Introductory Results and Examples 

4.1.1. The Group of Quasi-Invertible Elements 

Many attributes of the spectra of elements of a (normed) algebra. A, are more naturally expressed by means 
of the quasi-invcrtiblc group, qG{A), of A, which wc proceed to define. For a, b G A let a o b := a + b — ab. 
This is a binary operation on A with identity element 0. If a o 6 = we say a is a left quasi-inverse for b 
and 6 is a right quasi-inverse for a. We set qG{A) = {a G A: a has (right) quasi- inverse}. For the definition 
and further standard properties of qG{A) we refer the reader to [Pal], p. 192. In particular {qG{A),o) is a 
group and there is a homeomorphism 



where Ai denotes the standard unitisation (see Appendix 3) of A. We also have that qG{A) is open if A is 
complete. 

PROPOSITION 4.1.1.1. The group G{Ai) is dense in Ai if and only if gG(A) is dense in A. 
Proof. Suppose that qG{A) is dense in A. Let (a, A) e Ai and let e > 0. Choose r > so that r[l + (r+|A|)] < 
e. Take /j. e Bc{X,r) — {0}. By assumption here exists b G qG{A) such that ||6 + /;i^^a|| < r. Then 
{-fib,iJ,) e G{Ai) and 



Conversely, suppose that G{Ai) = Ai. Let b € A and let e > 0. If a = then a e qG{A) so we may 



Now take (a. A) G G{Ai) with ||(a,A) - (-6, 1)|| = ||a + 6|| + 11 - A| < r. Then {X,-X-^a) G (C-{0})x 



61 : (C - {0}) X qG{A) 



G{A,)- {ii,b) 



{-lib, n) 



||(-M5,/x)-(a,A)|| = 11^6 + all + I/X-AI < \ii\r + r < {r + \X\)r + r < e. 



assume that a ^ 0. Choose r G (0, 1) such that r + ( J ||a|| < e. 




qG{A). We have 



-A ia-6|| = ||A ^a + 6|| = ||a + 6+ (A ^ - l)a 



<r+ ^ \\a\\ 



< r + (r/|A|) ||« 




Hence qG{A) = A as required. 



□ 
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Now suppose that A is a unital normed algebra. By Proposition A. 1.6, for every closed, maximal ideal, M, 

of A, the map 

Mi^ A; {a,X)^ a + Ma 

is a topological isomorphism. Also recall that, since A is unital, it has at least one maximal ideal ([Dal], p. 
40). The following result quickly follows from these observations. 

COROLLARY 4.1.1.2. Let A be a unital normed algebra. Then the following are equivalent 

(i) G{A) is dense in A; 

(ii) qG{M) is dense in M for some closed, maximal ideal, M, of A; 

(iii) qG{M) is dense in M for every closed, maximal ideal, Af, of A. 

Let A be a Banach algebra. If A is unital then it is shown in [Cor] and [Fal] that G{A) = A'li and only if 
the set of elements of A whose spectra have empty interiors is dense in A. We now describe an extension of 
this spectral characterisation to non-unital Banach algebras. Let 

qaA{a) {A e C - {0} : X'^a ^ qG{A)] (a e A). 

Then (see [Pal], p. 196) we have that, if A is unital, for all a A, 

{0}U gCTA(a) = {0}U(TA(a), 

where aA{o) denotes the spectrum of a in A. In particular, (JA{a) has empty interior if and only if qaAifl) 
has. Define for any Banach algebra. A, 

e(A) :={ae A: gaA(a)° =0}. 

Thus if A is unital then 0(A) = {a e A : aA{a)° = 0}- We can now give the following result. The proof is a 
modification of the proof in [Fal] for the special case of unital Banach algebras. 

PROPOSITION 4.1.1.3. Let A be a Banach algebra which is not necessarily unital. Then 



qG{A) = A if and only if @{A) = A. 

Proof. First suppose that qG{A) is dense in A. Let {A^ : n S N} be a countable dense subset of C — {0}. 
Since qG{A) is open in A, we have from Baire's category theorem that T = HnsN lG{A)\n is dense in A. 
Now T C 6(A) for if 6 e T and qGA{b)° ^ then for some n e N we must have A„ e qaAib). But then 
X~^b ^ qG{A), a contradiction. 

Conversely suppose that Q(A) is dense in A. Let a G A and e > 0. Take b G &{A) with ||6 — a\\ < e/2. 
If 6 = then b G qG{A) and wc arc done. Otherwise let (5 > be such that 1 — S > and for all A e Sc(l, S) 
we have |1 — 1/A| < 2p|[- assumption there exists some A G Bc{l,6) — qaAib). Since X ^ we must 
have X-^b G qG{A). Now \\a - X-^b\\ < \\a - b\\ + \\b- X-^b\\ < e. □ 

4.1.2. Simple Examples 

Much of the next two sections appears in [DF] . The following definition, which seems quite standard in the 
literature, is useful. 

DEFINITION 4.1.2.1. A subalgebra, B, of an algebra. A, is called full if wc have G{B) = Bn G{A). 

For example, Ro{X), the algebra of rational functions on a compact plane set, X, with poles ofi^ X and 
C"-{T), the algebra of functions / — > C with n continuous derivatives, are both full subalgebras of their 
completions with respect to the uniform norm. 
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EXAMPLE 4.1.2.2. Let B be the restrietioii to of the algebra of complex, rational functions with poles 
off S-^ U {2}. Then B is easily seen to be uniformly dense in A = C{S^) (by the Stone- Weierstrass theorem). 
However, B is not a full subalgebra of A because, for example, the function given hy z — 2 G B is invertible 
in A. □ 



For future reference we note the following elementary result. 

PROPOSITION 4.1.2.3. Let A be a Banach algebra with maximal ideal space O such that A is dense in 
C(0) (for example, if A is symmetric). Give A the uniform norm. Then A has dense invertible group if and 
only if C(f2) has. 

Proof. It is elementary that 4 is a full subalgebra of C{^1). Moreover, if A is dense in C{Cl) then, since 
G(C(r2)) is open in C(f2), we have from elementary topology that 



G{A) =An G(C7(Q)) = G{C{n)) 

where the closures are taken in C{Q). This shows that if G{C{Q)) is dense in C(f2) then the invertible 
elements of A are dense in A. The converse is trivial. □ 



It follows from facts mentioned in Section 1.2 of [Cor] that if A is a commutative Banach algebra with 
maximal ideal space and A is regular (see Section 2.2.1) then the denseness of G{A) in A implies that 
C(f2) also has dense invertible group. We do not know if the converse is true for regular Banach algebras. 
Neither do we know any examples of non-regular Banach algebras for which G{A) is dense in A but C(f2) 
does not have dense invertible group. 

EXAMPLE 4.1.2.4. In [Rie] it is shown that if A is a unital C*-algebra (see [Mur] for this class of Banach 
algebras) then A has dense invertible group if and only if M„(A) has for every n € N. We remark that the 
proof given in [Rie] appHes to all Banach algebras. 

PROPOSITION 4.1.2.5. Suppose that A is a commutative, unital Banach algebra which is rationally gener- 
ated by a single element, a. (See [Dal], Defimtion 2.2.7: we mean that the algebra of elements obtained by 
applying the rational functions with poles off a (a) to a is dense in A.) If a (a) has empty interior then A 
has dense invertible group. 

Proof. This follows from the spectral mapping theorem (see [RudFA], Theorem 10.28) and the fact that if 

K is a subset of C with empty interior and is a function holomorphic on a neighbourhood of K then 4>{K) 
also has empty interior (see [Fal], Lemma 2.2). Thus A has a dense set of elements whose spectra have no 
interior, which, as is noted in [Fal], is equivalent to the condition G{A) = A. □ 



Recall that a weight sequence on Z is a function uj: Z (0, -|-oo) such that for all m, n e Z, u}{m + n) < 
co{m)ui{n). A weight function, ui, induces the Beurling algebra, 

£\Z,io) := i a e C^: ||a|| := ^ |a„|w„ < -Foo I , 
I nez J 

under pointwise addition, multiplication given by 

ab := [^^akbn-k\ {a,b G £^{Z,uj)), 

Vfeez / „gz 

and the norm indicated. We refer the reader to [Dal], p. 501, for further properties of the Banach algebra 
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COROLLARY 4.1.2.6. Let w be a weight sequence on Z and let A be the associated Beurling algebra, 
£^{Z,u)). Then A has dense invertible group if and only if /9+ := limn^^oo^n" = liiiin->+cx) —'■ 
Proof. It is standard (see for example [Dal], Theorem 4.6.7) that A is rationally generated by where 5i 
is the characteristic function of {!}. It is also standard that the maximal ideal space of A can be identified 
with the annulus {w € C: P- <\w\ < By elementary results in dimension theory, rL{A) has dimension 
not more than 1 if p_ = p+ and dimension 2 otherwise. If A has dense invertible group then so has A and 
we must have p_ = p+ by Proposition 3, as A is plainly symmetric. 

Conversely suppose that p_ = p+. Then the spectrum of 5\ has empty interior and Proposition 5 
applies. □ 



4.2. Algebraic Extensions 



4.2.1. Introduction 



As hinted at in Section 3.1.1, denseness of invertible elements in uniform algebras seems to be connected 
with the existence of roots of monic polynomials over the algebra. Accordingly we mention the following 
result stated by Grigoryan in [Gri]: a uniform algebra A on a compact, Hausdorff space, X, is trivial if 
C{X) is finitely generated and is an integral extension of A 

Our main result in this section is that an Arens-Hoffman extension of a Banach algebra A has a dense 
invertible group if A has. The proof of our main result. Theorem 4.2.2.1, relies on resultants; please refer 
to Appendix 3 for a discussion of these. To set notation here, let a{x) be a monic polynomial over A and 
/3(x) s A[x\. We shall usually fix a{x) and allow (3{x) to vary. We then denote their resultant res {a{x), f3{x)) 
by RMx)). 

Sometimes in the literature (for example, [Col] and [FeiNTSR]) the algebraic extensions considered are 
obtained by adjoining square roots. In this case we have aix) = — oq and then Raibo + bix) = 6q — acbf. 

Before we embark on proving Theorem 4.2.2.1, let us check there is not an obvious reason why it might 
be true. We now explain this. 

Recall that the Arens-HofFman extension Aa is the quotient of A[x] by the principal ideal {a{x)). Arens 
and Hoffman prove in [Are] that when the polynomials over A are given the norm 



fe=o 



{bo,...,bn-i e A) 



fc=0 



for sufficiently large, fixed t > then (a{x)) is closed in A[x]. The Arens-Hoffman norm is defined in [Are] 
to be the quotient norm on A^- Thus if A[x] retained the property of having a dense group of invertible 
elements then so would Arens-HofFman extensions. We give an example to show that this is not the case. 
Let t > Ohe fixed. Consider the following Banach algebra (a special case of Example 2.1.18(v) in [Dal]) 



+ 00 



-t-oo 



B:=lp = J2 hx" e A[[x]] : ||/3|| := \M t" < +oo 



fe=o 



fe=0 



where A[[x]] is the algebra of formal power series and the norm is as indicated. We can clearly regard A[x] 
as a dense subalgebra of B. Thus we can take B to be the completion of A[x] (see Appendix 1). It follows 
from this and Lemma A. 1.4 that there is a homeomorphism between the character space of B and the space 
of continuous characters of 

Recall (see, for example, [Are]) that the space of continuous characters of A[x] can be identified with 
1] X D where D is the closed unit disc centre and radius t. Thus the characters on B are given by 

(-I-00 \ +00 / +00 \ 

E&fcxM =^u;(6fe)A'= Uu;,X)enx-D,J2bkX^ € b \ . 
k=0 ) k=0 \ k=0 ) 
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Now let A = C(I) and f, be a suitable parameter. Then the character space of B is now identifiable 
with / X D and therefore of dimension 3. The algebra B has some 'analytic properties' as we now explain. 
Let q = J2k^ ^kx'' € B and fix to G I. This pair defines a continuous function on D given by 

+00 

5(A) := q{to, A) = 6fe(io)A^ (A e D). 

A;=0 

Moreover we see that g is analytic on D°. 

This connection with analytic function has two consequences. Firstly, note that B is not symmetric 
because p ^ B where p = x. To see this, suppose q G B satisfies q = p. Let g be associated with q as above 
(with to = for definiteness). Then for all A S D we would have g{X) — J2k=o ^fc(0)A'^ = A. This contradicts 
the fact that z i-^- z is not analytic anywhere. Therefore we cannot apply Proposition 4.1.2.3 to B. 

Secondly it is now easy to show that x ^ G{B). If we had x G G{B) then for every e > there would 
exist q = Yl=o^kX^ ^ G{B) with \\q-x\\ < e. Let / = idD and g{X) = g(0,A). Then g e G(C(D)) and 
11.9 ~ .f II < £• Again, g is analytic on D°. Hence there exists a sequence, {g-n), of invertible, analytic functions 
on D° with gn go '■= idD° uniformly on compact subsets of D°. Since g{0) = 0, this contradicts Hurwitz' 
Theorem ([Dal], p. 797). 



4.2.2. The Main Results 



THEOREM 4.2.2.1. Let ^ be a commutative, unital Banach algebra with dense invertible group and let 
a{x) be a monic polynomial over A. Then G{Aa) is dense in Aa- 

Proof. We may assume that n, the degree of a{x) is at least 2, or else A^ is isometrically isomorphic to A. 

Let (3{x) = bo + bix + • • • + G A[x] and e > 0. We have to show that there exists f3(x) G A[x] 



with 



m - m 



< e and l3{x) G G{Aa). In fact we shall show that by slightly perturbing 60 only, we 

can obtain a polynomial I3{x) with Ra{/3{x)) G G{A). 

By the comments about resultants in Appendix 3, P(c) = Ro,{c+bix H h 6„_ia;"~^) is a polynomial 

Po+Pic-\ hpn-ic""^ +c" where po,. ■ . ,Pn-i € ^ are independent of c. Consider the n formal derivatives 

of P as maps A —> A: 

P^'^^c) = Pic); 

P'{c) = pi + 2p2C + • • • + nc"-^ 



Now let 1 < fc < n and 



p("-i)(c) =n!c. 

Set Cn-i — bo- Note that, trivially, is a local homeomorphism at c„_ 

suppose that c„_i, . . . , c„_fc G A have been chosen so that 

(i) P^^^i') is a local homeomorphism at c„_j {1 < j < k), and 

(ii) \\cn-j - Cn-(j-i) II < e/n for 1 < j < A:. 

We shall now show how to choose c„_(fc+i) so that (i) and (ii) become true with 'fc' replaced by 'fc + 1'. It 
is easy to see from the inverse function theorem for Banach spaces (see, for example. Theorem 8 of Chapter 

[Bol]) that is a local homeomorphism at a G A if *'^(a) is invertible. (This fact is also 

stated in [Fal].) 

By hypothesis, p("-'=) is a local homeomorphism at c„_fe so some open neighbourhood of Cn-k is 
mapped onto an open set in A. Since G{A) is dense in A there is some Cn-(k+i) G BAicn-k^^/n) with 
P("-'=Hc„-(fc+i)) G G{A). 

Thus Cn-(k+i) has the required properties and we can choose c„_i,...,co G A with ||cfe — Cfc_i|| < 
e/n (fc = 1, . . . , n — 1), c„_i = 60, and P a local homeomorphism at cq. 

Again, since P is a local homeomorphism at cq, we can find 60 G -Ba(co, e/n) with P(6o) G G{A)- Since 



bo -bo < bo - Co 



+ Co — ci H h \\c„ 
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the result is proved. 



□ 



We also remark that the method of proving Theorem 1 gives another way to see that if A is a commutative, 
unital Banach algebra with G{A) = A then for every n G N, M„(A) also has dense invertible group. The 
role of the resultant is taken by the determinant map which links the invertible groups of A and Mn{A). We 
shall show that we can approximate any B = [bij] € Mn{A) by an invertible matrix by perturbing only n 
entries bi^j^, . . . , bi^j^ provided that n i— > in,jn are both permutations. 

To see this, suppose that we have chosen the n entries to perturb; let their indices be 

{l,vil)),...,{n,v{n)) 

for some permutation v G Sn, the group of permutations on {1, . . . , n}. Consider the map 

P:A^ A; c det [bij + c^„(j)_j] 
(where Sij is the Kronecker delta). We see from the usual expansion that 

^i^) = X] + Cl5„(l),^(l)) • • • (&„,,r(n) + Cl5„(„),^(„)), 

a polynomial of degree n, Pq + piC + • • • + Pn-ic"~^ + c" over A where the pj do not depend on c. By 
Proposition 1.3.9 on p. 132 of [Dal], G(M„(A)) = det~^{G{A)), and we may now proceed as above. 

Theorem 1 can easily be applied to integral extensions (of which, as noted in [LinlE], Arens-Hoffman 

extensions are an example). 

COROLLARY 4.2.2.2. Let A and B be commutative, unital normed algebras and suppose that B is an 
integral extension of A. Suppose that A is a full subalgebra of its completion. A, and that A has dense 
invertible group. Then B has dense invertible group. 

Proof. It is sufficient to prove the case when B is an Arens-Hoffman extension of A for if C is a normed, 
integral extension of A and c G C is a root of the monic polynomial a{x) E A[x] then by Proposition 1.2.1.2 
there is a continuous, unital homomorphism 9 : Aa ~^ C with 9{x) = c; the result quickly follows from this. 

Let b S Aa and let e > 0. It^is not hard to show that the universal property of Proposition 1.2.1.2 
allows us to identify {A)a with Aa- By Theorem 1 there exists b' e G{{A)a) with < e/2. We 

can write b' = J2kZo ^'k^^ where n is the degree of a{x) and Uq,..., b'^_-^ e A. Since the Arens-Hoffman 
extension of a Banach algebra is complete (sec [Are]), G{{A)a) is open and we can perturb b'^,. . . ,b'^_i 
to obtain b'^, . . . ,b'^^_^ e A so that b" YJIZIK^'' is invertible in {A)^ and - < e/2. But now 
Rc{b") G G{A) r\A = G{A) so b" is invertible in A^ and \\b" - b\\ < s. □ 

The following theorem follows directly from this corollary. 

THEOREM 4.2.2.3. Let i? be a commutative Banach algebra which is an integral extension of the commu- 
tative Banach algebra A. If A has dense invertible group then so has B. 

The converse of Theorem 1 seems harder to investigate. However the method of the proof gives at least 
partial information in this direction. 

PROPOSITION 4.2.2.4. Suppose that A is a commutative, unital Banach algebra and a{x) is a monic polyno- 
mial of degree n over A. If A,^ has dense invertible group then {b € A: there exists a € A such that b = a"}, 
the set of nth powers, is contained in the closure of G{A). 

Proof. Fix a € A and let e > 0. Let the norm parameter for the Arens-Hoffman extension be t > 0. Then 
there exists l3s{x) = b^fl H + &£,Ti-ia;"~^ G A[x] such that Ra{(3e{x)) G G{A) and 

n-l 

\mx)-a\\ = \\b,,o-a\\ + Y^\\b,,,\\t^ <e. 
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Now as mentioned in Appendix 3, Raibo + • • • + bn-ix"' ^) is homogeneous of degree n in 6oj • • • i bn-i- 
Therefore, writing Ra{(}{x)) = P{bo) = J2^=o Pj^o + ^ '^^ Theorem 1, we have that each cocfBcicnt 
Pj (j = 0, . . . , n — 1) is a sum of elements of A each of which has bk as a factor for some A: € {1, . . . , n — 1}. 
Thus, letting e — > 0, we obtain invertible elements Ra{(3e{x)) in A which tend to a". □ 

It is clear that the property of having a dense invertible group passes to (non-zero) quotients and completions 
of normed algebras. The following is also clear. 

PROPOSITION 4.2.2.5. Let ^ be a direct limit of normed algebras with dense invertible groups and in 
which the connecting homomorphisms are unital, isometric monomorphisms. Then A has dense invertible 
group. 

Proof. (Refer to Appendix 2 for notation.) Let 

{A, {ei)iei) = lim((Ai)i£/, (6'jj)i<j). 

As we see from Appendix 2, the subset D = Ui^i9i{Ai) is dense in A. It is therefore enough to show that 
for each z € /, e > 0, and a G Ai, there exists an invertible element b E D such that ||6'j(a) — b\\ < e. 

Since G{Ai) is dense in Ai, there exists c € G{Ai) with \\a — c\\ < e. Since Oi is unital, b := Oi{c) £ G{A} 
and since 9i is a contraction, ||& — ^i(o) || < s. □ 

COROLLARY 4.2.2.6. Let v be an ordinal number and (A^r, (^<T,r) : u < r < w) be a system of algebraic 
extensions in Ba or ua, in the notation of Section 1.2.3. If has dense invertible group, then so has Act 
for all a < V. 

Proof. This is a straightforward application of the transfinite induction theorem. 

By assumption, G J := {t < v: At has dense invertible group}. Let < r < w and suppose that 

First suppose there exists cr < r such that t = a + 1. Then Ar ~ E{Ac,U^) for some set of monic 
polynomials, U^, over A^. For each finite subset, S E , wc have G{As) dense in As by Theorem 1 and 
induction. (The extension As is, as noted in [Nar], easily checked to be isomorphic an algebra obtained 
by extending A finitely-many times by the Arcns-Hoffman construction.) By Proposition 5, the Narmania 
extension, A^^k^ = lim^(As : S G U^'^") has dense invertible group. 

If we are working in the category of uniform algebras, then the Cole extension is A^- = J^' = {^AajA^Y 
by Proposition 1.3.2.1, and has dense invertible group. 

If T is a limit ordinal then A^ = lim^ (Ag- : a < t) and has dense invertible group by hypothesis and 
Proposition 5. By the transfinite induction theorem, J = U. □ 

We mention the consequences of these results for some of the examples of uniform algebras constructed by 
Lindberg, Karahanjan, Cole, and Feinstcin ([LinlE], [Kar], [Col], [FeiNTSR]). Specifically wc arc referring 
to those obtained by taking Cole extensions. In many of these the initial algebra has dense invertible group 
and so the final algebra also has this property. 

To illustrate this, consider Theorem 4 of [Kar] which we quote below. 

THEOREM (Karahanjan). There is a non-trivial uniform algebra, A, such that (1) A is integrally closed, 
(2) A is regular, (3) is hereditarily unicoherent, (4) G{A) is dense in A, (5) A is antisymmetric, and (6) 
the Choquet boundary of A is equal to Q,. 

We refer the reader to [Kar] and the literature on uniform algebras for the definitions of terms in the 
statement of this theorem which we have not defined here. 

The proof of Karahanjan's theorem (p. 693-694 of [Kar]) consists of checking that the final algebra, 
{A^^,Q.^^), in a system of Cole extensions has the required properties when Aq is a suitable example, like 
McKissick's example ([McK]) of a non-trivial, regular, uniform algebra and the set of all monic polynomials 
is used to pass from A^ to A^+i for each a <w\ (see Section 1.2.3). 
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Each of these specific choices of Aq has a dense invertible group. It follows immediately from Corollary 
6 that Ai^^ also has dense invertible group. It is therefore unnecessary to use Theorem 3 of [Kar] (on the 
complicated, auxiliary notion of a 'dense thin system') to deduce this in the proof of Theorem 4 of [Kar]. 

4.3. Context: Uniform Algebras 

4.3.1. Introduction 

The theorem below, which first appeared in [DF], prompted our investigation of the invertible group. In 
this section we extend the result. Further context for this work will be given in Section 4.3.3. 

THEOREM 4.3.1.1. Let ^ be a natural uniform algebra on I with dense invertible group. Then A = C{I). 
Proof. By results mentioned in Section 3.2.1, every invertible element of A has a continuous logarithm in A 
and therefore a square root in A. Therefore the set of elements of A which have square roots in A is dense 
in A. Since / is locally connected, it follows from Cirka's theorem (see [Sto], p. 131-134) that A = C{I). □ 

4.3.2. Generalisations of Theorem 4.3.1.1 

In Theorem 1.7 of [DF], the hypotheses of Theorem 4.3.1.1 are relaxed so that the norm on A need not be 
the uniform norm and the maximal ideal space of A can be replaced by any locally-connected space, X, such 
that H^{X, Z) = 0. The conclusion is then that A is dense in C(ri). 

We further show here that under certain conditions is suffices to restrict attention to the components 
of the space. We require two elementary lemmas which are surely well-known. Various parts of them are 
stated in in [Lei], but not collected together as below. 

Recall that if {A,X) is a uniform algebra and E C X, then the A-convex hull of E, denoted E, is the 
maximal ideal space of, Ae, the uniform algebra on E generated by A\e- We write xe for the characteristic 
function of E. We shall call the set E clopen if E is both closed and open. 

LEMMA 4.3.2.1. Let {A,X) be a natural uniform algebra on a compact, Hausdorff space X. Let the set of 

components of X be denoted by C. Then 

(i) for all K gC, K equals its A-convex hull, and 

(ii) if H'^{X, Z) = then for all K &C, H'^{K, Z) = 0. 

Proof, (i) It is standard that, iT, the A-convex hull of if € C is a subset of fl, the maximal ideal space of A. 
Since K is connected, Ak has no non-trivial idempotents. Therefore K is connected by Silov's idempotent 
theorem (see [Dal], p. 224). Now K C K and K is & component so it follows that K = K. 

(ii) Let iJ^(X, Z) = 0, if G C, and /o € G{C{K)). We show that /o has a continuous logarithm. By 
Tietze's extension theorem (see, for example. Proposition 1.5.8 in [Ped]), there exists f\ G C{X) such that 

= /o- By the compactness of K there exists an open set, U, containing K and on which /i does not 
vanish. Now since X is compact and Hausdorff, K is the intersection of all those clopen subsets of X which 
contain K. (See [Lei], p. 182, for a proof of this fact.) A standard compactness argument yields a clopen 
set, E, such that K C E C U. Since E is clopen we have /2 = Xx-e + fiXE € C{X). Now /2 is clearly 
invertible so there exists g G C{X) such that /2 = e^. The restricted function g\K is a logarithm of /q. □ 

LEMMA 4.3.2.2. Let A, X, and C be as in the lemma above. Then 

(i) for all K € C, Ak = A\k, and 

(ii) for all / e C{X), if for each K gC, f\K G Ak then / e A. 

Proof, (i) As in the last lemma, each if e C is an intersection of clopen sets. By the Silov idempotent 
theorem, each clopen set is a peak set for A and so (for example, by Theorem 3 on p. 163 of [Lei]) we have 

Ak = A\k. 

(ii) Let / satisfy the conditions stated above. By Bishop's theorem ([Lei], p. 39) it is enough to show 
that f\E G Ae = A\e for every 'maximal antisymmetric set', E, of A. Let E he a maximal antisymmetric 
set of A. It is not necessary for us to define such sets; we merely need to note from the remark on p. 170 
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of [Lei] that if is a maximal antisymmetric set of A then E must be eonncctecl. Therefore there exists 
K €C such that E CECK. Let g € A with g\K = fix- Then g\E = fU G Ae- The result follows. □ 

The following result is the promised generalisation of Theorem 4.3.1.1. 

PROPOSITION 4.3.2.3. Let ^ be a commutative, unital Banach algebra with maximal ideal space X such 
that H^{X, Z) =0. If A has dense invertible group and every component of X is locally connected then A 
is dense in C{X). 

Proof. We assume that {A^X) is a natural uniform algebra and show that A = C{X). The more general 
result then follows from applying this to the natural uniform algebra A" (which has dense invertible group 
if A has). 

Let / e C{X). By Lemma 2, it is enough to show that /|b € -^e for every connected component, E, of 

X. 

By Lemma 1, we have H^{E, Z) = and the ^-convex hull of E is E so Ae = A\e is a natural uniform 
algebra on E. By hypothesis E is locally connected and Ae has a dense exponential group. The same 
argument as in the proof of Theorem 4.3.1.1 shows that Ae = C{E). The result now follows. □ 



There are apparently some classes of spaces in the literature (see [Cou]) for which components are automat- 
ically locally-connected. 

We end this section by using Proposition 3 to obtain a result about natural uniform algebras on the 
unit circle. It is useful to recall some standard terminology and results beforehand. These concepts will also 
be referred to in Chapter 5. 

Let A be a unital, normed algebra with space of continuous characters J7. For C O we de- 
fine the kernel of E to be k{E) := {a G A: for all w e w(a) = 0}. The hull of 5 C A is h{S) := 
{w G ^2 : for all a G S* a;(a) = 0}. It is a standard fact that all such kernels are closed ideals of A. Since 
k{E) is a closed ideal of A we can form the normed algebra C = A/k{E) with the quotient norm. Let the 
natural map he \]: A C. As mentioned in Proposition 4.1.11 of [Dal], the following map is a homeomor- 
phism 

\\*:n{C) hk{E)-io^ujo\\. 

(This can be proved for normed algebras in the same way as for Banach algebras.) Thus if a S A then under 
this identification, for all w G hk{E), we have 

{k{E) + a)^{u) = d{w). 

In order not to interrupt the flow of the following proof, we describe a special case of this situation 
now. Let {B,X) he a natural uniform algebra and E C X. Then the ideal k{E) is the kernel of the 
restriction homomorphism B B\e- By the first isomorphism theorem we may therefore regard the algebra 
of functions B\e as a Banach algebra under the quotient norm on B/k{E). Under this identification, the 
maximal ideal space oi B\e is hk{E), and for all f G B and cu G hk(E), 

fU:{uj) = {k{E) + fYiuj) = ficj). 

Finally, recall that a regular uniform algebra is natural (see [Sto], Theorem 27.2 and Theorem 27.3). 

PROPOSITION 4.3.2.4. Let {A,S^) be a regular uniform algebra. If A has dense invertible group then 
A = C(S'i). 

Proof. Suppose for a contradiction that A is non-trivial and has dense invertible group. We show that 
for each proper, closed set E C we have Ae = C{E). Uniform algebras with this property are called 
'pervasive'. It follows from Theorems 20 and 21 on p. 173 of [Lei] that a non-trivial, pervasive uniform 
algebra is an integral domain. This will contradict the regularity of A. 

Let S be a proper, closed subset of S^. Then E is contained in some proper, closed interval, I C S^. It 
is enough to show that Aj = C{I). To see this, let / G C{E) and e > 0. Let / be a Tietze extension of / to 

/. Assuming Ai = C{I) then there exists g & A such that g\i — f < £■ Then \[g\E — /|| < £• 
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Let / be a proper, closed interval of S^. As discussed above, we can regard A\j as a Banach algebra 
isomorphic to A/k{I). Since A has dense invertible group then so has A\i under this quotient norm. We also 
have f2(A|/) w hk{I). It follows from Proposition 4.1.20 of [Dal] and the regularity of A that hk{I) = I. As 
H^{I, Z) = we have that A\i is uniformly dense in C(7) by Proposition 3. This completes the proof. □ 



4.3.3. Uniform Approximation of Continuous Functions by Holomorphic Ones 

Recall that a complex- valued function is called space-filling if its image has non-empty interior. A consequence 
of Theorem 4.3.1.1 and Proposition 4.1.1.3 is that there would be an abundance of space-filling functions in 
a non-trivial, natural uniform algebra on / in the sense that there would be a non-empty, open subset of 
the algebra consisting of such curves. For convenience we shall denote the set of space-filling curves on a 
compact Hausdorff space, K, by SF{K). If is a subset of C{K) then we let SFa{K) denote SF{K) n A. 

It will also be useful to introduce the following notation for some standard examples of uniform algebras. 
For a compact subset K c C" let Hq{K) denote the algebra of functions holomorphic on a neighbourhood 
of K , R()(K) the algebra of rational fimctions which have poles off K, and Po{K) the algebra of polynomials 
on K. The closures of Ho{K), Ro{K), and Po{K) in C{K) are denoted H{K), R{K), and P{K) respectively. 
Also recall that a simple Jordan arc in C" is a continuous injection 7: / — > C". 

The following result appears in [Cir] and should be compared with Proposition 4.3.2.3. 

THEOREM 4.3.3.1 (Cirka). Let 7 be a simple Jordan arc in Let K = im^. If H{K) ^ C{K) then for 
all / e Ho{K) - C.l, / e SF{K). □ 

It is easy to see that (unless if is a singleton) Hq{K) — C.l is dense in H{K), so the theorem above asserts 
the existence of a dense set of space-filling curves in H{K), provided H{K) is non-trivial. At this point it 
is convenient to remind the reader about the standard connections between polynomially-convex arcs in C" 
and finitely-generated subalgcbras of C{I). Recall that a set K C C" is called polynomially or rationally 
convex provided that P{K) or R{K) respectively is natural. 

Suppose that fi,. . . ,fn G C{I) separate the points of I. Then 7: 7 — > C"; 1 1-^ . . . , fn{t)) gives a 

homeomorphism onto a compact subset, K, of C". As K is the image of a simple Jordan arc and 7 induces 
an isometric isomorphism 7*: P(if ) —^A;fi—^fo'y where A is the uniform subalgebra of C(J) generated by 
/i, . . . , /„. All these facts are discussed on p. 200 of [Lei]. Since /i, . . . , /„ generate A, the maximal ideal 
space of A is naturally identified (see, for example, [Sto], p. 25) with K by the homeomorphism 7 if ^ is 
natural. In particular K is polynomially convex. It is clear that P{K) = C{K) if and only if 7* (A) = C{K) 
or, equivalently, A — ^*^'^{C{K)) = C{I). If we take ^4 to be a natural, finitely-generated uniform algebra 
on /, then Theorem 4.3.1.1 yields the following corollary. 

COROLLARY 4.3.3.2. Let 7 be a simple Jordan arc in C" such that K = im^ \s polynomially convex. If 
H{K) ^ C{K) then there is a non-empty open set U C H{K) such that U C SF{K). □ 

This makes the differences clearer. In Theorem 1, the arc need not be polynomially convex, but is restricted 
to C^, and H{K) 7^ C{K) implies SFjj(^ji^{K) is dense. However in Corollary 2 the conclusion is that 

SFjux) {K) has non-empty interior. 

We end this section by noting that it is possible to improve Corollary 2 by using a form of the Oka- Weil 
approximation theorem which is more general than the version usually quoted. The following version is 
taken from the appendix in [StoCon]. 

THEOREM 4.3.3.3 (Oka- Weil Approximation Theorem). Let Khea. compact subset of C". Then H{K) = 
P{K) if K is polynomially convex and H{K) = R{K) if K is rationally convex. □ 

There is also (see [Sto], p. 372) a notion of the 'holomorphic convex hull' of a compact subset JsT C C": it 
is equal by definition to the maximal ideal space of H{K). We call K holomorphically convex if H{K) is 
natural. It is remarked in [Sto] that this hull need not be a subset of C" if the original space is. 
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COROLLARY 4.3.3.4. Let 7 bo a simple Jordan arc in C" such that K = ini7 is holomorphically convex. 
If H{K) ^ C{K) then SFh(k){K) has non-empty interior (in H{K)). 

Proof. The homeomorphism j:I—^K induces a commutative diagram in which the horizontal arrows are 
isometries: 

H{K) -U A:=-f*{H{K)) 



C{K) 



C{I) 



The assumption on K implies that H{K) is natural and so A is natural. If not every continuous function 
of K can be approximated by holomorphic functions on a neighbourhood of K then A is non-trivial and 
so U := A — G{A) is a non-empty, open subset of SFa{I)- Hence ^*~^{U) is a non-empty, open subset of 
SFHiK){K). □ 



Note that, by Theorem 3, polynomially convex sets and rationally convex sets are holomorphically convex 
so the conclusion of Corollary 4 also holds if K is polynomially or rationally convex. 
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Chapter 5 

Uniform Algebras with Connected, Dense Invertible Group 



The main result, Proposition 4.3.2.3, of Section 4.3 makes strong use of Cirka's theorem (see [Sto], p. 
131-134). 

THEOREM (Cirka). Let ^ be a uniform algebra on locally-connected space, X, such that the set, S, of 
squares of elements of A is dense in A. Then A = C{X). 

However in the application in Chapter 4, a condition stronger than S = A held, namely that was dense 

in A. The only other eondition in the hypothesis of Cirka's theorem is that X be locally connected. Could 
it be that this is redundant if we have e'^ = Al That is, does the condition = A imply that A = C{X) 
for any uniform algebra on a compact, Hausdorff space, XI 

The statement is false if the conditions on A are weakened so that its norm is not necessarily the imiform 
norm. For example, A = C^{I) (see Section 4.1.2) under the norm ||/|| := ||/|| j + ||./'||/ is not equal to C{I). 
To see that e"* = A in this case, we have from Theorem 4.4.1 of [Dal] that the polynomials in id/ are dense 
in A and so by Proposition 4.2.1.5, A has dense invertible group. We also have from Theorem 4.4.1 that the 
maximal ideal space of A is homeomorphic to / so by the Arens-Royden theorem, G{A) = e^. 

Note that for a general commutative Banach algebra A, = A is equivalent to G{A) = A and 
H^{fl, Zi) = 0. It is clear that G{A) is dense in A ii = A. It follows from Lemma 3.2.3.1 that every 
invertible element of A belongs to eA in this case. Therefore we also have H^{Q,Z) = 0. Conversely, if 
H^{fl, Z) = then G{A) = so if G{A) = A then = A. Compare this pair of conditions with those in 
Lavrentieff's theorem (see, for example, [Ale], p. 12). This theorem states that if X is a compact, plane-set 
and A = P(X) then A = C{X) if and only if X° = and H'^(X, Z) = 0. 

In this chapter we search for a counterexample to the following conjecture. 

CONJECTURE. Let {A, X) be a uniform algebra such that ^ = A. Then A = C{X). 

We have not been able to find such an example. Various classes of uniform algebras are ruled out in 
Sections 1 and 2. The bulk of this chapter is devoted to modifying the methods of Chapter 1 to construct 
'logarithmic extensions'. We show how this might lead to an example of a non-trivial uniform algebra with 
dense exponential group. Various simple properties of these extensions will be established. For example, in 
certain situations they are non-trivial if the original algebra is. 

5.1. Uniform Algebras on Compact Plane-Sets 

5.1.1. Introduction 

In this section X denotes a compact subset of C. We show that the conjecture holds when A = P{X) or 
R{X). The latter algebra has been an important source of counterexamples to conjectures about uniform 
algebras in the past. (See [McK] and [Col].) 

Recall that a multiplicative group, G, is said to be divisible by n gN provided that for all 5 e G there 
exists h G G such that g = h^. 

5.1.2. Generalisations of Lavrentieff's Theorem 

We begin with a lemma which is valid in more generality than is necessary for the main result in this section. 

LEMMA 5.1.2.1. Let F be an entire function with no zero of order one. Let A = P{X) or R{X) and suppose 
that F{A) is dense in A. Then X has empty interior. 

Proof. Suppose for a contradiction that A e X°, the interior of X. Then f = z — X & A where z := idx- Let 
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r > be such that A = -B[A, r] C X°. Then ||/||^ = r > 0. By assumption there exists 52 S A such that 
\\Fog,-f\\^<Cs)\\f\U. 

An exercise in uniform continuity shows that F*: C(A) C{A); g F o g is continuous so there exists 
a rational function gi E A such that \\F o g^ ~ f\\^ < 

By Rouche's theorem, F o gi has exactly one zero in A°, and its multiplicity is one. 

Let /(X e C and s > be such that A' = B[ix, s\ C A° and {F o gi){iJ.) = 0. By Taylor's theorem, since 
F o gi is analytic on an open disc, U, centre A and containing A, the power-series expansion 

F o gi = ai{z - n) + a2{z - iJ,)'^ -\ (ai 7^ 0) (*) 

is valid on an open disc FDA', centre /U. Since F is entire with no zero of order 1, there is an entire function 
h such that F = {z — But now we have, for some function, k, which is analytic at /x, that, for all 

w near /x, 

F{gi{w)) = {gi{w) - gi{ii)fh{gr{w)) 
= {w- iifk{w), 

contradicting (*). □ 
We can now give the main result of this section. 

COROLLARY 5.1.2.2. Let A = P{X) or R{X). Suppose that there exists n e N (n > 1) such that the set 

of nth powers of elements of A is dense in A. Then A = C{X). 

Proof. We show that P{X) is equal to C{X). By Lavrentieff's theorem this is equivalent to showing that 
X has no interior and C — X is connected. The first condition follows from Lemma 1 above. We prove that 
C — X has only one component. It is elementary that C — X has countably-many components, of which 
exactly one is unbounded. 

Let M be a transversal for the bounded components of C—X. Recall (or scic [BroTop]) that {X, Z) = 
ffimGAfZ (the group, under pointwise addition, of elements h G Z*^ such that h has a finite number of non- 
zero entries). We must show that H^{X, Z) = 0. Since G{A) is open, it follows from the denseness of the 
nth powers in A that G{A) is a subset of the nth powers. For let g G G{A). By Theorem 10.43 of [RudFA], 
the coset e^g is open so there exists h £ A such that ft," G e^g- Thus g G e"^/i" and so g has an nth root in 
A. Therefore {X, Z) is divisible by n and must be trivial. □ 

The next result is a corollary of the last proof. The situation described contrasts strongly with that in 
Section 5.2. 

PROPOSITION 5.1.2.3. Let A be a uniform algebra whose maximal ideal space, f2, is homoeomorphic to a 
compact subset of C (for example, if A has a single generator). Then H^{Q,, Z) = if and only if for every 
a G G{A) there exists b G A such that 6^ = a. 

Proof. Suppose that every invertible element of A is square of another. It follows as in the proof of Corollary 
2 that H^{il, Z) is divisible by 2 and therefore that H^{il, Z) = 0. The converse is trivial. □ 



5.2. Systems of Cole Extensions 

A necessary condition for eA = A is that H^{n,Zi) = 0, and in the previous section we used (in a special 
case) the divisibility of the group H^(Jl,Zi) to show that it was the trivial group. Even if a non- trivial 
uniform algebra, {A,il), with dense invertible group, does not satisfy = A one might imagine that we 
could apply the Cole construction to it to obtain a such an algebra. The reasoning is that an integrally closed 
extension, A^-^ , in a system of Cole extensions shares the properties of being non-trivial and having dense 
invertible group. (This follows from Theorem 1.4.2.5 and Corollary 4.2.2.6.) Additionally, H^{Q{A^^), Z) is 
now mirestrictedly divisible, and an easy way for this to occur is if it is trivial. 

Further grounds for suspicion are that for every n G N and a G G{A^^), the polynomial Pn{x) := 
(1 — a) + J2^=i a^'^/fc! has a solution in yl^^ . (We have Pn{x) ^ — a in A,^^ [[x]] under the norms discussed 
in Section 4.2.) 
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However, if i?i(n(A^J,Z) = then Corollary 3.2.3.5 shows that H'^iVl.Z) = 0, and so the original 
algebra would have to have dense exponential group, which we assumed was untrue. Therefore Cole exten- 
sions can not generate a counterexample out of an algebra with dense invertible group which is not already 
a counterexample. 

In the next section, we vary the Cole construction by adjoining logarithms of invertible elements rather 
than roots of monic polynomials. This eventually produces extensions in which every invertible element has 
a logarithm. 

5.3. Logarithmic Extensions 

5.3.1. Introduction 

Consider the following problem. Given a natural uniform algebra {A, SI) and a G G{A) find an extension 

(^'"S'^.fiioga) such that: 

(i) Ai°s-^C(17ioga) iiAy^C{n), 

(ii) A^°^" has dense invertible group if A has, 

(iii) there exists b G A^°^°' such that = a, and 

(iv) the process can be repeated (similarly to in Section 1.2.3) so that (i) and (ii) are preserved by the final 
algebra and the final uniform algebra has dense exponential group. 

If wc can solve this, then we can apply the construction to a non-trivial uniform algebra with dense 
invertible group (such algebras exist: McKissick's R{X) in [McK] is one) and obtain a non-trivial uniform 
algebra with dense exponential group. In this chapter we give a very promising construction. It is known to 
satisfy all the above requirements except that we do not yet know if the final algebra must be non-trivial, 
even for specific examples. 

5.3.2. Adjoining a Logarithm to a Banach Algebra 

The problem of adjoining logarithms to semisimple, commutative Banach algebras has been studied by 
Lindberg. We summarise some of this work briefly. 

The terms 'local' and 'semisimple' are defined in Section 2.2 and Appendix 1 respectively. We further 
require the following standard terminology. Let A be a unital, normed algebra with space of continuous 
characters, fl. Let a G G{A) and to £ SI. We say that = a has local solutions at cj if there exists 

F G N (lu) and & G A such that exp (b^ \v = a\v- We shall also make use of the notions of the hull and 

kernel; these were defined in Section 4.3.2. Finally, for use later in the chapter, we recall that if (14)^^^ is 
an open cover of a topological space, X, then a partition of unity subordinate to this cover is a sequence of 
continuous functions, {fk'-X C)^^^, such that 

n 

^/fc = l and supp ifk) := {k G X : M^) ^0}CVk {k = l,...,n). 
fe=i 



THEOREM 5.3.2.1 ([LinEANA]). Let A be a local, semisimple, commutative, unital Banach algebra and 

a G G(A). Suppose that = a has local solutions at each point of CI. Then = a has a solution in a 
complete, normed, semisimple extension, Aioga, of A. Furthermore, 
(i) the extension is A\oga = A{x;t) j kh{{e^ — a)) where A{x;t) is the completion of the algebra of 
polynomials over A in the norm 



k=0 



/c=0 



for a certain fixed value of t > (see Section 4.2.1); 

(ii) the norm on ^log « is equivalent to and dominates the quotient norm on the factor algebra; 

(iii) the isometric embedding is given hy 6 : A ^ ^loga ; bi-^ J + b where J = kh{{e^ — a)); 
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(iv) the maximal ideal space of A\oga is 



fJioga := ^{Aoga) = {{k,X) eflx Bc[0,t\ : = a{K)} 

where for (w,A) G i^ioga, 

/ +00 \ +00 / +00 



k=0 



k=0 



\k=0 



(v) the map n: O,\oga — * (<^, A) 1— > w is a continuous surjection. 

The value of t defining the extension is chosen to be at least the maximum of the norms of some choice of 
bi, . . . ,bm <= A such that bk is a local solution of a valid on an open set Vfe C O and UjILj^V/j = fl. In 
future, if we speak of 'a norm parameter f for A\oga then it will be understood that i is a bound for some 
set of local solutions to = o which are valid on open sets covering fl. Clearly J + x is a solution to = o 
in ^loga- 

We can use the description of f^ioga to extend Lindberg's result to uniform algebras in the following 
minor way. 

PROPOSITION 5.3.2.2. Let A be a local uniform algebra and let a G A be such that = a has local 
solutions in A. Set A^°^ " = A\og a " ■ Then A^°^ " is a uniform-algebra extension of A in which = a has a 
solution, namely p := (J + a;)'. 

The isometric embedding 9: A ^ A^°s is given by the restriction to A^°s " of the adjoint map tt* : C(f2) 
C{fl\oga); / 1-^ /OTT. 

Proof. Of course (^4'°^^°, Oioga) is a natural uniform algebra by Lemma A. 1.4. Define 9:A^ ^loga. ^ ^ 
( J + 6) ' . Thus ^ = TT* , if we identify A with A. We show that this map is isometric. For 6 € ^4 we have 



9ib) 



sup \{J + b)"{w,X)\ = sup 

(ciJ,A)Gr2iog a (aJ,A)Gnio 



b{L0] 



sup 
wen 



The last line is true because the canonical map tt: flioga ('^j A) 1— > a; is surjective. 



□ 



Prom now on we shall regard tt, 9, and p as objects associated with the extension A^°^" . In contrast to the 
Arens-Hoffman construction, the map tt need not be open as the following example shows. 

EXAMPLE 5.3.2.3. Let A = C{S^). (The unit circle. S^, is one of the simplest spaces on which not every 
invertible, continuous function has a continuous logarithm; see, for example, p. 28 of [Rao].) Let a = idsi- 
Then A satisfies the conditions for the construction. We can clearly take 

Vi = {e'" : -37r/4 <9 < 37r/4} , 
V2^{e''': 0e (-7r,-7r/4)U(7r/4,7r]}, 

and continuous functions /i, /2 € C{S^) such that 

/i(u;)=argu; {weVi), 
/2(u;) = TT - arg(iw) {WGV2), 

and ll/ill , II/2II < 27r. We may take t = 2n. 

If TT were an open map then 7r{W) would be open where 

W = 7r-^({e^^ : -7r/2 <9< n/2}) D p-^(Sc(27ri, 7r/4)). 
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Note that (l,27ri) e fiioga- However simple computations show that 

n{W) = {e'^ : -7r/4 < < O} . 

So TT is not an open map. 



□ 



5.3.3. Properties of Simple Logarithmic Extensions 

We refer to algebras constructed by adjoining a logarithm of a single invertible element as simple. In this 
section we show that the logarithmic extension A'°s" must share the properties of non-triviality (under 
certain conditions), dcnseness of the invertible group, and regularity with A. We focus on regularity because 
Lindberg's construction requires a local base-algebra, localness is implied by regularity, and, as we shall see, 
regularity is shared by Aioga- Furthermore, as remarked in [LinEANA], for every invertible element, a, of 
a regular Banach algebra A there arc local solutions to = a in A. Thus, in this case, there is no need to 
restrict the elements of G{A) we attempt to provide logarithms for. 

First wc give a criterion for the construction to satisfy requirement (i) of Section 5.3.1. Let {A,n) be a 
natural uniform algebra, / G C(f2), and oj € fl. Recall that / is locally approximable by A at uj if there 
exists an open neighbourhood, V, of u) such that f\v & Ay (see Section 4.3 for this notation). The algebra 
A is called holomorphically closed ii f E A whenever / is locally approximable by A at every point of CI. For 
example, if if is a compact plane-set then R{K) is holomorphically closed. 

To see this standard result, let / e C{K) and Vi,...,Vn be an open cover of K such that fly^ G 
Ay^ (k = 1, . . . , n). Thus for k G {1, . . . , n} and e > there exists a rational function, q, with poles off 
K such that ||/ — q\\y < e. Hence f\y^ G RiVk)- By Theorem 3.2.13 on p. 170 of [Bro] this implies that 

Clearly localness is implied by being holomorphically closed. For if A is holomorphically closed and 
/ G C(r2) belongs locally to A, let (V/c)^^;^ be an open cover of Ct and fi,. . . ,fn G Ahe such that fk\vk = fWk 
for = 1, . . . , n. Then f\y^ G Aly^- (fc = 1, . . . , n) so / G i. 

It is also standard that a regular uniform algebra is holomorphically closed; this follows from the existence 
(see [Dal], p. 413) of partitions of unity in the algebra subordinate to any open cover of the maximal ideal 
space. 

PROPOSITION 5.3.3.1. Let {A,Cl) be a holomorphically closed, natural uniform algebra. Let a G G{A) be 
such that = a has local solutions in A at each point of O. Then A'^^o ^ C(Oiogo) if ^ ^ C{Cl). 
Proof. Suppose A ^ C(f2). There must exist / G C(0) - A. We show that 7r*(/) does not belong to 
Suppose for a contradiction that 7r*(/) G ^'"S". 

By the choice of norm parameter there exist gi,...,gn G B^[0, t] and open sets Vi,. . . ,Vn in fl which 
cover fl such that 

gSfcM=Q(-^) (cjeVk, fc=l,...,n). 
Since ^log a " is uniformly dense in A^°^ " , for every e > there exist /i , . . . , /m G ^ such that 



^7r*(/,)y-^*(/) 



< e 



where p is as above. Hence for G {!,..., n} and all w G we have, setting i^^ = Xli'li fjdl G ^) that 



\F,{u;)-f{Lo)\ 



E ('^*(/^)?^') i'^'dkico)) - 7r*(/)(a;, 5fe(u;)) 



< e. 



Since s is arbitrary it follows that Ay^. As A was assumed to be holomorphically closed this implies 

that f G A, a, contradiction. □ 
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The converse result can be proved using the Arens-Calderon theorem. 

PROPOSITION 5.3.3.2. Suppose that A = C{Q) and a e G{A). Then A^^^" = C{Qioga)- 

Proof. Wc show that ^loga" is sclf-adjoint; the result then follows from the Stone- Wcicrstrass theorem since 
this subalgebra clearly separates the points of fiiog a and contains the constant functions. It is clearly enough 
to show that p, the pointwise complex-conjugate of p belongs to (Aioga) 
We have that for all (w, A) e ^loga, 

^P{u>,x) ^ (gK'^.A))- = = (a-)(a;) = o7r)(a;, A) = e{a){uj,X) 

and 6{a) G Ai^ga so by the Arens-Calderon theorem (see, for example, [Dal], p. 223, Corollary 2.4.31 (i)) 
there exists (a unique) b £ Aioga such that = 9(a) and b = p. □ 



We now show that regularity is preserved by simple logarithmic extensions of uniform algebras. In fact we 
shall prove a more general result. The proof of the next proposition is a modification of an argument of 
Feinstein from [FeiNTSR] . Note that the map tt is not required to be open or surjective. 

PROPOSITION 5.3.3.3. Let tt: y X be a continuous map where X and Y are the maximal ideal spaces 
of commutative, unital Banach algebras A and B respectively. Assume that 

(a) TT induces a map tt*: A — > B; d i— > a o tt, 

(b) for each x G X, 'jt~^{x) is totally disconnected, 

(c) A is regular. 

Then is a regular uniform algebra. 
Proof. Let yi and ;t/2 be distinct points of Y. Wc show that there exists h in the closure of B such that 
h{yi) = 1 and j/2 belongs to the interior of /i~^(0). Set Xj = Tr{yj) {j = 1,2). 

First suppose that xi ^ X2- Then by the regularity of A there exists a G A with a{xi) = 1 and X2 S 
a-\0)°. Take6e Bwith6 = ao7r. Then &(yi) = a{xi) = 1 and ya e 7:-^{a-\0)°) C TT-^{a-\0)) = b-\0). 

Now suppose that xi = X2 =■ x. Consider the commutative Banach algebra C = B / k{TT~^{x)). 
By results mentioned in Section 4.3.2, the maximal ideal space of C is homeomorphic to hk{'7T~^ {x)) . It 
is easy to see that hk{TT~^{x)) = tt^^{x): we have tt~^{x) C hk{-!T~^{x)) ([Dal], p. 411, again). Now let 
y <£ hk{TT^^{x)) and suppose that Tr{y) =: w ^ x. By the case proved in the last paragraph there exists 
b G B such that b{TT^^{x)) = {0} and b{y) = 1. But then b G k{'K^^{x)) and this contradicts the fact that 
y G hk{'K~^{x)). Hence hk{T:~^{x)) = it~^{x) is totally disconnected by assumption (b). It follows that we 
can find a clopen set G C Q,[C) with yi E G and j/2 ^ G. By the Silov idempotent theorem ([Dal], p. 224) 
there exists some c G C such that c = XG- Hence, under the identification of Q{C) with hk{Tr^^{x)), there 
exists beB with b{G) = {1} and S(0(C) - G) = {0}. 

Set Bi = Bc(l, 1/3), B2 = Bc{0, 1/3), and 

U ^b-\BiLlB2y, 

K = Y -U; 

C,=b-\B-) (j = l,2). 

Then [/ is an open neighbourhood of 7r^^(xi) and Ci and C2 are compact. We also have that iiT C Y—n^^ixi) 
and so by what was proved in the second paragraph and the compactness of K there exists g € B and an 
open superset, V, of K such that g{V) C {0} and g{yi) = 1. 

By Runge's theorem ([RudRCA], p. 272) there exists a sequence of complex polynomials, (qk), such 

that 

[0 on 

Qk ^ \ uniformly as k ^ +00. 

[1 onB^ 

Set fk = [qk °b)g (fc G N). Then [fk) is a Cauchy sequence in B and has some limit f G B". We see that 




ifyeY-Ci, and 
9{y) iiy&Gi. 
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Now 2/2 € C2 C y — Ci C / ^(0) and /(j/i) = g{yi) = 1 so the result is proved. 



□ 



Now we show that the denseness of the invertible group is preserved by the construction. We retain the 
notation used after Theorem 5.3.2.1. 

LEMMA 5.3.3.4. Let A be a local, semisimple, commutative, unital Banach algebra. Let a G G{A) have 
local solutions at each point of fl. Then there exist finitely many li, ... ,1m & A such that the maximal ideal 
space of the Lindbcrg extension, A\oga, is a subset of the union of the graphs of Zi, . . . , Im- That is, for each 

{lu, A) G Oioga there exists j G {1. .... m} such that A = 

Proof. By the assumption on A, a, and the norm-parameter, t, there exist li, . . . ,lm G i?A[0, <] and open 
sets Vi,. . .,Vm C O which cover O such that Ij is a local solution of = a on 1^- (j = 1, . . . , m). Let the 
sequence (Zi, . . . , Z,„) be extended by Im+i^ ■ ■ ■ Jm G A where the additional items are obtained by adding 
2mk to all the li, . . . Jrn for all /c G Z such that |fc| < t/n. 

For (w. A) G flioga we have = d{uj) and |A| < t. Let j G {!,..., m} with e'^'^'^^ = a{uj). Then there 
exists k G Z with lj{u}) = A — 27rifc. Since t was chosen to satisfy t > , . . . , 



\k\ 



lj{uj) - A 



2tt 



t 

< - 



and so there is some j' G {!,..., M} with A = Ij' (w). 



□ 



PROPOSITION 5.3.3.5. Let A and a be as above. Suppose that G{A) = A. Then Aioga has dense invertible 
group. 

Proof. Suppose A is as in the statement. Since the polynomials over A are dense in A{x;t) it is sufficient 
to find, for each bo,...,bn G A and e > 0, an invertible element g G ^loga with — < e where 
K^) = Sfc=o ^kx'^ X := J + X. In fact we shall show that the element g can be obtained by perturbing 
bo only. 

By Lemma 4 there exist h,. . . ,lm € A such that 



^^loga C U^igraph(/j). 



Consider the map 



P:A^ A; Gallic + bilj + ■■■ + b„q). 

Then there are constants Co, ... , Cm-i G A such that P(c) = c™ + Cm-ic™"^ + • • • + Cq. The argument 
(without modification) used in the proof of Theorem 4.2.2.1 shows that there exists bo & A such that 



P{bo) G G{A) and 



^'0 



< £. Let 6(a;) = 60 + 61a; H h 6„a;". Then 



6(5) < b{x)-b{x) 



bo - bo 



< e. 



Moreover for each (u), A) G fiiogo there exists j G {1, . . . , m} such that A = lj{co). Since P(6o) is invertible, 
bo + bilj -\ + bnl'j is invertible and therefore 

(w, \)ib{x)) = oj{bo) + ■■■+ w(6„)A" = w(6o + • • • + 6„«;) 7^ 0. 

So 6(x)" does not vanish on fiiogo! that is b{x) is invertible in ^loga- D 



We end this section by strengthening Proposition 1. It was hoped that the following auxiliary construction 
could be iterated along with extensions, as in Section 1.4. However there is an obstacle as we shall see. 
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PROPOSITION 5.3.3.6. Lot A he a regular, somisimplc, commutative, unital Banach algebra and a G G{A). 
There exists a norm parameter for ^log a such that there is a unital, linear contraction T: A\og a ^ with 
T 06 = idA where 6 is the canonical embedding A — > ^loga- Moreover, T is continuous with respect to the 
spectral norms, and there exists a continuous extension, T, such that the following diagram, in which the 
vertical arrows are the Gelfand transforms and the horizontal arrows are surjections, is commutative: 

^log o * ^ 

1 . i 

Proof. As remarked above, = a has local solutions in A in view of the regularity of A, so there exist pairs 
of open subsets of O and elements of A, (Vi, . . . , (y^, ^m)j such that 

e^oW, = ^1^, (j = 1, . . . , m) and = |J Vj. 

Again since A is regular, there is a partition of unity {uj)JLi C A subordinate to {Vj)'JLi. In particular, 
since A is semisimple, X^jLi '"i = 1- 

Choose a parameter, t > 0, for the Lindberg extension such that t > X^Jli ||%|| and 

t> . max 

] = !,.. .,m 

Set Sk :=Er=i%-^j (fc = 0,l,2,...). 

Let To be defined from A[x] to A by 

n n 

a{x) = '^Ukx'' 1-^ y^gfcgfc- 

fc=0 fc=0 

Then Tq is a linear map and 



||To(«(x))||<^|K||||s,|| 

fc=0 

n m 

k^O j=l 

n 

<J2\\ak\\t.t''-' = \\a{x)\\. 

fe=0 

Hence there is a continuous, norm-preserving, linear extension Ti:A{x;t) A. We see that it is given by 
Ti{q{x)) = X]fe=^ 'J'fc^'fc where q{x) = Yms^o^^x'^ ^ A{x;t). Clearly Ti is surjective since for all €l A we 
have Ti(ao) = (X^j^i Mj)ao = ao- Since Tq is a contraction, so is Ti. 

Now we check that Ti{ J) ~ {0}. This is almost obvious for if q{x) = Ylik=o IkX^ € J = kh{{e^ — a)) 
then for all (w,A) G /i((e'^ — a)) we have {lo, X){q{x)) = 0. (See Section 4.2.1 for the character space of 
A{x;t).) Since {w, A) e /i((e^ — a)) we have = a(a;). Thus for all u Gfl, 

aj{Ti{q{x))) =uj ^quSk 



-t-CxD 



y^^u{qk)u}{sk) 



fe=o 

+ 00 m 

fc=0 j=l 

j=l fe=0 
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Now if w e then e'^('^' = a(a;) and < ||Zj|| <iso(a;,z7M) e/i((e^-a)). If w then ^^(a;) = 0. 

Thus 

m 

Since A is scmisiniplc, ri(<7(.T)) = as required. 

Thus Ti induces a continuous, linear map T: Aioga = A{x;t)/J — * A such that T o = id^. It is a 
contraction with respect to the quotient norm on Ai^ga and therefore with respect to the final norm on 
^loga, by Theorem 5.3.2.1(ii). 

Now Aioga is semisimple by Theorem 5.3.2.1 so we can also consider the spectral radius norms (which 
we shall denote by |-| as usual) on Aoga" and and the induced map 5:(^ioga)' — * Let q{x) = 
J22=a Ik^'' S A[x] {go, ■ ■ ■ ,qn & A); elements of the form q{x)^ arc dense in Aioga" and so in its uniform 
completion, Then S(q(x)') = T{q{x)y = (ELo^s^) Let w G Then 



\S{q{xr){u;) 



w I 2_^qkSk 
\fe=o / 



^w(gffe)^Uj(a;)«j(a;) 
fe=o j=i 



(by definition of S) 

(by definition of Sfc) 



j=l k=0 



^ u}(a;)(w,/j(w)) l^qkx'' 
^3=1 \fe=o y 



^ trj(a;)g(x)"(w,Zj(a;)) 

<c\qi^)\ 



(since (a;,/j(w)) e fiioga) 



where c = Ej=i l^jl- Hence S is continuous and \\S\\ < c. (We also have c > 
extends to a continuous map, T: — » with the required properties. 



= 1.) Therefore S 
□ 



The obstruction mentioned above is that no bound can be assumed on the elements of the partitions of unity 
unless A is uniformly dense in C(f2). This follows from a theorem of Bade and Curtis; see [Dal], p. 414. 

COROLLARY 5.3.3.7. Let A be a regular, semisimple, commutative, unital Banach algebra. Let a G G{A). 
If the norm-parameter for A^°^°' is sufficiently large then y4.'°s° = C(J7iogo) implies that A" = C{Q). 
Proof. Let (V,)^i be an open cover of and Ij € A be a local solution of = o valid on (j = 1, . . . , m). 
Let {uj)jLi C A be a partition of unity subordinate to (V,)JLi, and choose the norm-parameter, t as 
in Proposition 6. By Proposition 2, C(Oioga) = C(ri)'°s° and so we can form the continuous operator 
T: C(f2ioga) — * C{Q) as in Proposition 6. Writing Sk = Ej=i "j^j ^ ^o) we have for all qo, - ■ ■ ,Qn € A, 
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Since elements of the form {J2^=o Ikx'^) " dense in and T is continuous this shows that T'(A'°s") C 
We also have f o (9 = idc(n) and so for all g e A^"^" and / e C{n), 



f-T{g) 



< 



e{f)-9 



Hence if = C(niogo) then A is dense in C{n). 



□ 



5.3.4. Infinite LogEirithmic Extensions and Systems of Extensions 

We now show how to iterate logarithmic extensions. We shall assume from now on that A is regular and 
semisimple as well as commutative. We have shown that these properties are preserved by simple extensions. 
It is also clear that if ai, 02 e G{A) then ^(02) is invertible in Aiogm where 6 is the embedding A — > ^logai • 
Moreover if / is a local solution to = 02 then 9(1) is a local solution to = 9{a2) in A\ogai and wc may 
use the same norm parameter, ta^ for Ax^^a^ as in (Aiogai)ioga2- We shall from now on assume that for each 
a e G{A) a specific choice of norm parameter to > has been made. 

A further benefit of assuming regularity is that, as noted in Section 4.3.2, regular uniform algebras are 
natural. 

Recall that given a set, S, S^'^° denotes the set of all finite subsets of S. 
Let U = {ai, . . . , a„} e G{A)'^'^°. In the next result we identify 

^logai,...,loga„ •= (■ ■ ■ ((^log ai )loga2) ■ ■ OlogOn • 

We write x'^ as an abbreviation for x^^ ■ ■ ■ x^" in the following. Let B{iU) = A{xi , . . . , a;„ ; , . . . , ta„ ) 
denote the following Banach algebra, which appears in Example 2.1.18(v) of [Dal], 



^ a^x" e A[[xi, . . .,Xn\] : 



E \Mt:\---tZ<+oo (a,e A) 



We may clearly view B{U) as the completion of the algebra of polynomials A[xi, . . . , a;„]. Let J{U) be the 
ideal kh{{e^^ — ai, . . . , e^" — a„)) of B{U) and let A\ogu = B{U)/ J{U). It is easy to see, using induction, 
and writing for a homeomorphism, that 

n{B{u))^nx X Bc[o,ta,] 

where for {u,X) eQx x -Bc[0,toj, 
3=1 

(a;. A) I J2 • • • I = E • • • ( E • • • <" e ^(^) ) • 



Hence 



f2(^iogiY) « « {('^, A) e X C" : |A,| < e^^ = a,(a;) (j = 1, . . . ,n)} . 



LEMMA 5.3.4.1. Let A and U S G(A)^'^'' be as above. There exists a (unique) topological isomorphism 
(f^-Aiogu ^iogai,...,ioga„ such that 4>{xj) — yj {j = l,...,n) and 4>{J(JA) + a) = a {a <E A) where yj is 
the coset of the indeterminate, yj, in the jth Lindberg extension ^iogai,...,ioga3 identified with its canonical 
image in Aogai,...,ioga„ 
Proof. Uniqueness is obvious. 
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Let 

<l)°:A[xi, ...,X„]^ ^logai,...,loga„; "'"^^ E^ '^''^l' ' " Vn" ■ 

Then is an evaluation homomorphism and for all (ai/),yeNj C A with finitely-many non-zero Oj/, we have 

||E. • • • < Ih'-y" • • • C-i II c„ < • • • 

<E Mta\---tZ 

Z ^ ,y 1 Tl 

aj/X]^ • • • x„ 

Thus extends to a contraction i/)^: -B(ZY) ^ ^iogai,...,ioga„ • 

We now assume that n = 2 in the rest of this proof for notational simplicity. The general case can be 
proved similarly. Observe that there is a homeomorphism 

rj: O(^iogw) ^^(^logai.logaa); (w, (^1, A2)) 1-^ {{oj, Ai), A2). 

Let = y:,, 

fcGNo ^j,kx\x\ G BilA). Since ^iogai,ioga2 is semisimple we have /3 S \ie}i:<j)^ if and only if for all 
(w, A) e ^{A\ogu)-, v{^, A) (j2j,keT<!o ^j<kyiy2^ = O. The left-hand side is equal to 



((a;,Ai),A2) (EE = E (^'^0 E ^kvi ] A: 

.feeNo VjGNo / / feeNo \jeNo 



= E E '^(^J.fc)AiA 
feeNo jeNo 



= (W, (Ai,A2)) E ^j,kXix2 

\j,feeNo 

So /? G ker0i if and only if for all (w, A) G /i(J(Z^)) we have {to, A)(/?) = 0. That is, ker 0^ = kh{J{U)). It is 
standard (see, for example, [Dal], p. 66) that khk = k and so kh{J{U)) = J{U). 

So kcr(j)^ = J{U) and (f)^ induces an isomorphism 4>: A\ogu — > ^iogai,...,ioga„ of norm one. The map is a 
homeomorphism by Banach's isomorphism theorem. □ 



This lemma will be useful in allowing us to identify the uniform algebra A^°^^ in the following. We now 

define uniform- algebra extensions of A, a regular uniform algebra on 17, in which every element of a set 
U C G{A) has a logarithm. The construction closely follows the treatment of Cole's construction ([Col]) 
which was given in Section 1.2. 

When U is finite, we shall use the notation A\ogu for the extension B{IA) / J{U) defined before Lemma 1 
under a norm such that the canonical map Ou'- A — ^ ^logiv; a ^ J(J^) + a is an isometry. (Such a norm exists 
as we can regard the algebra as an extension obtained by applying Lindberg's construction finitely-many 
times.) Wc set Aiogu ^ AifU = <D. 

Now let U CG{A) and set 

^logu ■= {{oJ, A) e O X C" : |Ao| < ta and e^" = a{uj) for all a€U] . 
Then Oiogi^ is clearly compact. Let the canonical projections be 

tt: fiiogw {i^, A) 1-^ w; 

Pa- ^\ogU ('^, A) Aa (a G U). 

We set tobetheclosedsubalgebraof C(f2iogw) generated by 7r*( A) U{pa : a€U}. Evidently jga 

uniform algebra on fliogu and can be described as a direct limit of a system of Lindberg extensions. We make 
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this statement precise in the next lemma. In order to do this it is useful to introduce some more notation. 
For U C V & G(A)<'^° with U = {ai, . . . , am} and V = {am+i, ■ ■ ■ , cin}, we have i^iogu = ^{^logu) by 
Lemma 1 and the preceeding comments so there is a canonical surjection 

This induces an isometric monomorphism 

""w.v- C'(^^iogw) C'(f^iogv); f ^ f ° T^uy- 

LEMMA 5.3.4.2. Let {A, D.) be a regular uniform algebra and 5 C G{A). Then 

f^iogs = lim ((fiiogw), (^w,v)wcv : Z^, V G 5<'"°) and 
= lim {n*uy)u^v ■■U,V& S<^'^) . 

(We have omitted the maps on the left-hand side for clarity; they will be given in the course of the proof.) 
Proof. The justification is routine but we include the details for completeness and to establish the notation. 

Let the inverse limit of the compact, Hausdorff spaces be denoted by iiT. It is standard that K is 
non-empty and can be constructed as follows: 

K = {k.& Xi(^s<'^o^iogU •■ for all W C V e S^'^° i^uyi^v) = ^u} ■ 
The canonical maps associated with K are the restrictions of the coordinate projections to K 

The canonical maps associated with the inverse limit in the statement are given by 

7^w,s:^^logS ^logu; (w,A) (w, (Aa)aew) {K e S^'^°). 

Let 

h-.n^ogs K; (w, A) ((w, (Aa)aet/))w6S<-o. 

Clearly h is well-defined. The map is also continuous for if {{ivt, A*)) is a net in fliogs converging to (w, A) 
then 

Wt ^ w and A^ Aa {a £ S). 

So for each U e S<"° we have 

By the definition of the product topology this implies that h{{iVt,X*)) h{{co,X)). The map is clearly a 
bijection. Since Oiog s is compact and K is Hausdorff, /i is a homeomorphism. Finally for all U G 3'^'^° the 
following diagram is commutative: ^ 

^log s — > K 

^logU 

Now we check that A^°s^ is the direct limit of the direct system above. First note that this system is 
well-defined for if Z.^ C V e S<'^° then Trl^ y{A^°sU-^ ^ A^°sV _ To see this, it is clear from Lemma 1 that 

A'°^'' = A^, 
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as both algebras arc equal to the closure in C{Qiogu) of the algebra of polynomials in {pa,u ■ a gU} over 
ttI ii{A) where for all a GU, Pa,u is the coordinate map 

Let f = Y.u '^&,ui^'')Pa[,u • • 'PalM ^ ^losu" where (b^) C A, finitely many b^, are non-zero, U = {ai, . . . , a„}, 
V = {ai, . . . , a„'}, and n' > n. Then 

1/ 

It is easy to check that Pa,v = t^u v^Po-m)- Therefore tt^ v(/) ^ ^logv' and this implies 

T^uyi^^"^^) C Aiogv^ = as required. 

By results in Appendix 2, it is enough to show that A^°^^ is generated by the subalgebra D = 

Again let / = tt^ u^^^^P'ax u ' ' 'Pa" u ^ ^logt/" in the notation as above. It is easily checked that 
7r| g = TT* and that iov a&U we have tt^ siPa-M) = Pa & A^°s^ . So by its definition, A^°^^ must be a subset 
of D. On the other hand we have shown that D C A^°^^ so the two uniform algebras are equal. □ 



COROLLARY 5.3.4.3. Let {A,n) be a regular uniform algebra and 5 C G{A). Then 

(i) A^°s^ is regular, and 

(ii) if G{A) is dense in A then G(^'°«^) is dense in A^"^^. 

Proof, (i) This follows from Proposition 5.3.3.3, Lemma 5.3.4.2 and the fact that the direct limit of a direct 
system of regular uniform algebras is again regular. (This is proved in essence in Proposition 2.2.1.2.) 

(ii) Using Proposition 5.3.3.5 and induction, it follows from Lemma 5.3.4.1 that for all U G 5^"°, ^logw 
has dense invertible group. The result now follows from Lemma 5.3.4.2 and Proposition 4.2.2.5. □ 



We now proceed as in Section 1.2.3 and repeat these extensions by induction. As the details are so similar, 
we do not produce them here. 

Let {A, SI) be a regular uniform algebra and > be an ordinal number. The direct system of uniform 
algebras 

{{Ar,nr)r<v,{K,r) 

a<T<v ) , 

in which for all cr < r < tTo^t is a continuous surjection fl^ and tt* ^: / / o tTo^t, is called a system 

of logarithmic extensions of (A, Cl) provided that 



({A,n) 



{A,,n,) = { 



if r = 0, 

,^a,\ogsJ for some C G(A^), if t = fT + 1, 

^ lim^ ({Aa,Sl^)a<T, {'^*p,a)p<cr<T) if T > is a limit ordinal. 

In the case where r is a limit ordinal, Aj- is a uniform algebra on 

:= lim {{Sla)a<T, (7rp,a)p<a<r) , 



and is the closure of lJ(T<r ^ariAa) (see Appendix 2). As in Corollary 3, the new algebras generated in this 
way are all regular. Similarly if A has dense invertible group then so has At (t > 0). 

The main application of these systems of extensions will be in Theorem 5.3.4.5. Before stating this we 
give the following result. 
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LEMMA 5.3.4.4. Let {Ar, Clr)T<v be a system of logarithmic extension of Aq = C{Qo)- Then for all r e [0, v] 

Ar = CiQr). 

Proof. As in Proposition 1.4.2.3 we have that direct limits of trivial uniform algebras are trivial. This lemma 
will therefore follow from the transfinite induction theorem and Proposition 5.3.3.2, once we have checked 
the case of extensions at a non-limit ordinal. 

Let A = C(f2) and S C G{A). We must show A^"^^ = C{niogs)- By Lemma 5.3.4.2 and the result for 
direct limits again, it is sufficient to prove that for all U e 5<"°, jg self-adjoint. So let U G S'<"o. As 

noted before, A^°s^ = Aiogu^ and it is clearly enough to prove that pa,u & ^logw' for each a &U where pa.u 
is as in Lemma 5.3.4.2. A similar argument to the one used in Proposition 5.3.3.2 now gives the result. □ 

THEOREM 5.3.4.5. Let A be a regular, semisimple, commutative, unital Banach algebra with maximal 
ideal space fl. Then there exists a regular uniform algebra, ^^q, with maximal ideal space ^l^io such that 

(i) there is a continuous surjection tt : fl^o ~^ ^) 

(ii) TT induces a continuous embedding 7r*:A^ A^^; f i— > / o tt, 

(iii) H\n^,,Z) = 0, and 

(iv) n is metrizable if is. 

If ^ is a uniform algebra, then tt* is isometric. 
Proof. If A is not a uniform algebra then it embeds continuously in a regular uniform algebra on CI (see 
Appendix 1), so we may assume to start with that A is a regular uniform algebra. 

Let (^ojo, f2(^g) be the final algebra in a system of logarithmic extensions of A as above in which Sn is 
taken to be a dense subset of G{An) for all n < cuo. 

Item (iv) is as in the case of Cole extensions. We can assume that Sn is countable for each n < loq 
if flu;o is metrizable (equivalently, A is separable); the logarithmic extension An+i will then be separable if 
An is. The result now follows from the easily- checked fact that an inverse limit of a sequence of metrizable, 
compact spaces is metrizable. 

It remains to check that G{A^^g) = e^'^o. Let / e G{A^^g). Since e^^^o is open (see Theorem 10.43 of 
[RudFA]), there exists e > such that Ba^^ (/, e) C e^"of. Now uiq is a limit ordinal so U„<i^„7r*^jj(A„) is 
dense in Hence there exists n < wq and 5„ G A„ such that ||7r* ,^^ ((?„) — /|| < e/2. So 7r*_^g((/„) G C^^o/. 
In particular Qn G G(A„) and so there exists g G Sn with \\gn - g\\ = ||<,u;o(ff«) - K,Looi9)\\ < e/2- Thus 
there exists h G A^^ such that tt* .^j, (g)e'' = /. 

By construction there is p G An+i with tt* „^j(,g) = e^. Since nn+i,ojo is continuous, '^n+i,u>o(^^^ ~ 
exp(7r;+i_^^(p)) so we have / = exp{h + <+i,a,o(p)) G e'^'-o as required. □ 

So if A is a non-trivial, regular uniform algebra with dense invertible group (such as McKissick's example) 
then Au,„ is a regular uniform algebra with dense exponential group. We would like to know if A^^^ is trivial 
or not in these cases. 

5.4. Conclusion 

Sections 5.1 and 5.2 show that many sets of uniform algebras can not be counterexamples to the conjecture. 
But a counterexample could still exist. 

Ramsay and Hoffman's example ([HofRam]) of a non-trivial imiform algebra on /3N, the Stone-Cech 
compactification of N, in which every non-negative element of C(/3N) is the modulus of some element of 
the algebra seemed promising but does not appear to have dense invertible group. Perhaps some other 
subalgebra of C(/3N) can provide a counterexample. Even if one were found, this would leave open the 
question of whether = A implies that A = G{Q) if A is natural and fl is metrizable. 

It is extremely unsatisfactory that we do not know if systems of logarithmic extensions preserve non- 
triviality. Numerical methods could conceivably be developed to test whether or not the algebra constructed 
at the end of Section 5.3 is trivial or not. 

None of the familiar characterisations ofC{X) (see for example [Bur] and [Sto]) seems to yield a simple 
reason why the conjecture should be true. 
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There arc many more examples to check, and the conjecture leads to several other intriguing problems 
such as whether or not = A implies that S (A) = 
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Appendix 1 

Gelfand Theory 



The purpose of this seetion is to clarify our notation and terminology associated with the Gelfand theory 
of normed algebras. A good account of Gelfand theory is given in Chapter 3 of [Pal]. We note some 
elementary results which will be used at various points in thesis. As in the main body of the thesis, A 
denotes a commutative, unital, complex, normed algebra. 

Recall that a character of an algebra. A, is a unital homomorphism A ^ C. Let il{A) denote the space 
of continuous characters of A; when O appears on its own it refers to A. Thus Q C A*, the continuous, 
linear maps ^ ^ C. 

Recall that the functions {A* ^ C ; A i-^- X{a))aeA induce a topology on A*, called the weak *-topology. 
As discussed in [Are], the space SI, with the relative weak *-topology, generalises the notion of the character 
space of a Banach algebra. There is a bijection between the continuous characters of A and the closed, 
maximal ideals of A. If A is complete then characters are automatically continuous, of norm one, and the 
maximal ideals are closed. _ 

It is easy to check (sec Lemma A. 1.4) that is homeomorphic to Sl{A), the maximal ideal space of the 
completion of A. In particular fl is compact and Hausdorff. We briefly recall some standard properties of 
the completion of a normed algebra. 

A completion of A is a pair {A, l) where A is a Banach algebra and i is an isometric monomorphism 
A ^ A with dense image. 

It is well-known (see for example [Bol], p. 35) that completions exist and are unique up to isometric 
isomorphism. By this we mean that if {B, j) is another completion then there is an isometric isomorphism 
(f>: A ^ B such that the following is commutative: 

A B 
/j 

A 

Recall that the Gelfand transform of an element a e A is defined by 

a: O — > C; a; I— > w{a) 

and the map sending a to a is a homomorphism, F, of A into the algebra, C(r2). We denote the image of 
r by A. We call A symmetric if A contains the pointwise complex-conjugate of each of its elements. Unless 
otherwise stated, we shall regard A as an algebra with the supremum norm 

\\a\\ := sup |a(a;)| (a e A). 

wen 

DEFINITION A. 1.1 ([Are]). The normed algebra A is called topologically semisimple if T is injective. 

As noted in [Are], if ^4 is a Banach algebra then topological semisimplicity is equivalent to the usual notion 
of semisimplicity. We introduce some further standard notation for a G A: 

a{a) := ima is the spectrum of a and, 

jaj := sup |a(a;)| is the spectral radius of a. 
wen 

It is a standard fact (see [Pal], p. 212), known as the spectral radius formula, that, provided jaj < ||a|| for 
each a G A, 

\a\= lim ||a"||'/" (o e ^). 
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Wc now state some results about the Gelfand transform. The following five; results are all surely well- 
known. Recall that a continuous, unital homomorphism, 9:A^B, of normed algebras induces the adjoint 



0*: n{B) n{A); u^uoO. 

LEMMA A.1.2. Let 



A2 ^ B2 

be a commutative diagram of continuous, unital homomorphisms. Then the following diagram com- 
mutes: 

n{A2) ^ n{B2) 

Proof. We have (/)| o 6*2 = (6*2 o ^1)* = (^2 o 6*1)* = 91 o </>*. □ 

LEMMA A. 1.3. Let (piA—fBhea, unital, isometric isomorphism. Then there is an isometric isomorphism 
(l):A^B such that the following is commutative: 

A ^ B 



A ^ B 

where the vertical arrows are the Gelfand transforms. 

Proof. In this case it is known that (j) induces a homeomorphism <l)*:fl{B) — > fl{A); w 1— > a; o ^ and an 

isometric isomorphism (j)**:C {^(A)) C in{B)) ; / / o (6*. Clearly (t)**{A) C B. The map 4> = (f>**\^ is 
surjective because for b £ B,\et a £ Ahe such that b = <f){a). We then have, for all w e ^{B), 

b{tj) = uj{b) = tj{(l){a)) = {wo(j)){a) = a{ojo(l>)=a{(l)*{w)) = {(!>** {a)) {w). 

Sob = (j)**{a). □ 

LEMMA A. 1.4. Let B be a normed algebra and t: A — > B be an isometric monomorphism with dense image. 
The adjoint maps induced between the spaces of closed, maximal ideals by F:^ — > A and r.A^B are 
homeomorphisms . 

Proof. The first assertion is well-known but to fix notation we provide a proof. Remember that the continuous 
map e: Q{A) — > fl{A); w ^ gives all the evaluation characters on A. It is a formal exercise to check that 

e o r* = idf2(^-| and T* o e = ido(^). 

Since imi is dense in B, t* is injective. Let oj € fl(A) and be the inverse map imL —> A. Then too 9 
extends to a continuous homomorphism a): S — > C and L*{oj) = u). □ 



LEMMA A. 1.5. Let B be a commutative, unital normed algebra. Then, up to isometric isomorphism, 
(^B^ " = B". (The closures are taken in C(0(S)) with respect to the supremum norms.) 
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Proof. This is elementary; we provide a proof for completeness. By Lemma 4 the embedding t: B ^ B 
induces a homeomorphism _ 

t*:fl{B) fl{B), 

and so the adjoint map _ 

L**:C{Q{B))^C{Q{B))- foo* 

is an isometric isomorphism. We show that (.** (S") = (^B^ " . 
Let 6 e B and cu e n{B). Then 

This shows that C and so l** (W) C (-B) ^ 

Since ;,** is isometric, i** {B') is closed in ^iJ^ ' and it is sufficient to prove that i.**{B~) is dense in 

Let c e ^-B^ Then there exists (6„) C B such that t(6„) = —^c{n-* +00). □ 

We end this appendix with a result which is used in Chapter 4. The standard unitisation, Bi, of a normed 
algebra, B, is defined in Appendix 3. 

PROPOSITION A. 1.6. Let M be a closed, maximal ideal of a normed algebra A. Then the map 

9: Ml A; (a. A) a + Al^ 

is a topological isomorphism. 

Proof. The map is clearly a homomorphism. It follows from the definition of the norm on Mi that ^ is a 
contraction. Let uj be the character associated with M in the usual way. Then uj is continuous since M is 
closed. Indeed = 1 since co has an extension to a character on the completion of A. 

For each a G A, we have a — u}{a)lA G M so a = 6{a — a;(a)lA, w(a)). This shows that 9 is surjective. 
Now let (a, A) G ker 9. Thus a + XI a = and so ui{a) + A = 0. But M = kerw so A = and therefore a = 0. 
Therefore (a, A) = and 9 is injective. 

It remains to prove that 9~^ is continuous. By a calculation above we have that for all a G A, 9~^{a) = 
{a — ui{a)lA,CLi{a)). Thus 

\\9-\a)\\ = \\a-Lo{a)lA\\ + \uj{a)\ 
<\\a\\ + \\u;{a)lA\\ + \\a\\ 
<3\\a\\. 

Therefore 9~^ is continuous (and has norm at most 3). □ 
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Appendix 2 

Direct and Inverse Limits 



Wc assume some fluency with direct and inverse systems. A good introduction to the subject is in [Rot], 
while Chapter 1 of [Pal] gives useful details of the special cases of normed algebras and normed spaces. In 
this section we give details especially relevant to the the applications in this thesis. 

Throughout this appendix, I denotes a directed set; this means that there exists a relation, <, on 7 
such that for all i, j, fc G /, 

(i) i < i; 

(ii) i l£ j l£ k implies that i < k; 

(iii) there exists I G / such that / > i and I > j. 

DEFINITION A.2.1. The family of normed algebras and homomorphisms 

((^,)ie/,(^ij)i<.) (1) 

is a directed system if for all i,j € /, 9ij:Ai Aj is a homomorphism, called a connecting homomorphism, 
of normed algebras {i < j) and 

for all k G I 9i^k = ° {i ^ j < k) 

and Oi^i= idAi • 

For our purposes (except Lemma 3.2.3.2), we can further assume that each of the connecting homomorphisms 
is isometric. 

DEFINITION A.2.2. The normed direct limit of (1) is a pair, 

lim((A,),e/,(6'^j)^<j) := (A, (^»)»e/), 

in na consisting of a normed algebra. A, and homomorphisms Of-Ai^A such that 

for all i < j 6i = 6j o Oij. 

The pair is also required to satisfy the universal property that whenever i? is a normed algebra and Ai 
B)i^j is a family of homomorphisms such that for all i,jGl with i < j we have (pi = (pj o Oij then there 
exists a unique homomorphism (p: A ^ B such that for alH G /, (/> o 6*^ = (pi. This universal property makes 
the direct limit unique up to equivalence in the appropriate category. 

We now show how normed direct limits can be constructed (see [Pal], Chapter 1). Assuming without loss 
of generality that the algebras are pairwise disjoint, then A may be taken as 

(Uie/ Ai) I ~ 

where is the equivalence relation given by 

tti ~ Uj if and only if there exists k> i,j such that Oi^ki^i) = 9j^k{aj), 
for ai G Ai and aj G Aj. Note that if j > i, then, since 9ij is injective, 

Ui ^ aj if and only if 9ij{ai) = aj 
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for all (ij e A,, (ij e Aj. Let square brackets denote the equivalence classes of A. Algebraic operations and 
the norm on A are given by 

[oj] + X[aj] := [Oi^k{ai) + XOj^kiaj)]; 

[ai][aj] := [di,k{ai)9j^k{aj)]; {i,j,k £ I {k > Ui G Ai,aj G Aj,Xe C) 

IINII := Ikll- 

The canonical maps are given hy 9 i: Ai ^ A; a i-^ [a]. The norm is well-defined because all maps are 
isometric. 

In the more general case where the connecting homomorphisms are contractions then a construction 
for the direct limit, A, is as follows (see also [Pal]). First note that there is a seminorm, p, on the algebra 
A^ := (Uig/ Ai) / ^ given before defined by 

p{[ai]) := limsup ||6'jj(ai)|| (i G /, G Ai) 

j>i 

= inf sup||^i,feK)|| . 

It is standard (see, for example, [RudFA], Section 1.43) that p~^(0) is an ideal in A^ and that the quotient 
algebra A^/p~^(0) has a norm given by 

\\p-\0) + b\\ := pib) {b€A^). 

We define the normed direct limit of (1) to be A = A^/p~^(0) in this case. The canonical maps are 
compositions of the natural maps 

9,: A, ^ A; Qi ^ p-\0) + [ui] (« e /). 

In Ba, the direct limit of (1) is defined to be the completion of the normed-algebra direct limit. 
We now draw the reader's attention to two special cases. 

The first applies to na when all the connecting homomorphisms arc given by inclusions. The reader can 
easily check that the direct limit is identifiable with Ui^jAi and inclusion maps. 

The second case is more complicated, as it involves two systems of objects. It is now convenient to recall 
the following definition. 

DEFINITION A. 2. 3. An inverse system of topological spaces is a family 

((Xj)jg/, {Trij)t<j) (2) 

of topological spaces and continuous maps nij-.Xj ^ Xi {i < j) such that the following hold: 

for all i, j,k€ I -Ki^k = T^ij ° '^j,k {i < j < k) 
and 7ri,j = idxi ■ 

An inverse limit for (2) is a pair {X, consisting of a topological space, X , and continuous maps, 

TTj: X —^ Xi (i € I), such that whenever {Y, {pi)i^i) is a topological space with continuous maps Y ^ Xi 
{i G /) and for all i,jGl with i < j, pi = nij o pj, then there exists a unique, continuous map p:Y ^ X 
such that for alH G /, tt, o p = p^. We write 

lim((Xi)ie/,(7rij)j<j) := {X, (7rj)j£/), 
but occasionally omit reference to the maps. 

It should now be clear to the reader what direct and inverse systems and limits should be in other categories. 
Indeed, as noted in [Pal], we can obtain constructions for direct limits of, for example, normed spaces by 
omitting reference to multiplication in (1). 
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Wc can now describe the second situation. 
Suppose that 

{{Ai)i^i,{0ij)i<j) (3) 

is a direct system of uniform algebras, {Ai,Xi), in which 9ij is given by / i-^ / o mj for some continuous 
surjection Wij : Xj — > Xi where for all i, j, k G I, Wi^k = T^ij ° ''^j,k {i ^ j < k) and Wi^i = idxi ■ Thus 

((Xi)jg/, inij)i<j) 

is an inverse system of compact, Hausdorff spaces and continuous surjections. It is well-known (see, for 
example, [Lei], p. 209) that the inverse limit, {X, [1^)0^1), of (2) exists. For us it is sufficient to know that 
X is a compact, Hausdorff space homeomorphic to the non-empty set 

X = {k € Xj^iXj : for all i < j Ki = ■Kij{Kj)} 

with the relative product- topology. The canonical maps / are the restrictions to X of the coordinate 

projections Xj^jXj Xj. 

It is standard (see, for example, [Col]) that the Banach-algebra direct limit, A, of a system of uniform 
algebras like (3) is identifiable with the uniform algebra on X generated by L\i^I7^^{Ai), and this is how such 
limits are formed in the text. The canonical maps, Ai A, are given by the restrictions to Ai of the adjoint 
maps 'jT*:C{Xi) — > C{X); / 1— > / o tt, for each i G I. 
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Appendix 3 

Algebra 



In this reference section we collect certain standard concepts and notation from algebra. We assume famil- 
iarity with groups, vector spaces, and homomorphisms. 

The second part introduces some less commonly known algebraic notions. These are used in Chapter 4. 

A. 3.1. Rings and Algebras 

Recall that a ring is a non-empty set, R, together with two associative, binary operations, -|- and • (which is 
often written by juxtaposition), such that {R, +) is an abelian group and 

a - (b + c) = (a-b) + {a- c) 

t ( \ [a,b,ceR). 

(a + 0) ■ c = [a ■ c) + [b ■ c) 



DEFINITION A. 3. 1.1. We say that a ring, R, is umt,al if there exists 1 e R such that for all r e R, 
1 ■ r = r ■ I = r. If i? is unital, then such an element, 1, is unique and it is called the identity of R. The ring 
is commutative provided 

a-b = b - a {a,b G R). 

DEFINITION A. 3. 1.2. An algebra over C, is a ring. A, which is also a vector space over C such that 

\{a ■ b) = (Aa) ■b = a- (Xb) {a,beA, A e C). 
The algebra is called commutative if it is commutative as a ring. 

DEFINITION A. 3. 1.3. An clement, e, of a ring is called an idempotent if e • e = e. An idempotent is called 
trivial if and only if it equals or 1. 

Algebras can be defined over fields other than C; such algebras do not appear in the thesis except in passing. 

DEFINITION A. 3. 1.4. The standard unitisation of a complex algebra, A, is the algebra Ai := A x C in 
which algebraic operations are given as follows: 

(ai, Ai) + {a2, A2) = (ai -|- 02, Ai -|- A2) 

(ai, Ai)(a2, A2) = (aia2 + A2ai -I- Aia2, A1A2) {ai,a2 € A, Ai,A2eC). 

Ai(a2,A2) = (Aia2,AiA2) 

It is standard that Ai has identity (0, 1), and that if A is normed (see Section 1.1.1) then Ai is a normed 
algebra under 

||(a,A)|U^ :=||a|U + |A| {a € A, A G C). 



A. 3. 2. Resultants 



Some of our proofs rely on resultants. In this section, A will denote a commutative, unital ring. 
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Let q(x) = 0,0 + • • • + a,i_i.7;" ^ + .;:" be a monic polynomial over A and = bg + biX ■ ■ ■ + bn-ix 
A[x]. By definition (see for example [JacI], p. 325) the resultant of a(x) and P{x) is 



,n— 1 



res(a(x), P{x)) := 





n-l 








n 




1 






ai 


ao 


• 


• 





1 






ai 


ao ■ 


• 




bn-1 


bn-2 ■ 


1 

• 61 


dn-l 

bo 


O'n-2 




• 


• ao 

• 





bn-1 ■ 




bi 


bo 


• 


• 








• 


bn-1 


bn-2 




• 60 



It can be shown (sec [Bou], A. IV, Section 6.6.1) that (a:(.x)) + f3(x) is invertible in the quotient algebra 
y4.[a;]/ {ot{x)) if and only if res {a{x), I3{x)) is invertible in A. 

We see from the above that, writing c for 60, res {a{x), (3{x)) = P{c) = pq+ pic H + p„_ic"~^ + c" 

where po, ■ ■ ■ ,Pri-i € A are polynomials in &i, . . . , aq, . . . , only with coefficients in C. 

It is a standard fact ([GKZ], p. 398) that res {a{x), P{x)) is homogeneous of degree n in 60, ... , bn-i 
and homogeneous of degree n—1 in ao, . . . , a„_i , 1. Recall that this means that each term of the polynomial 
is (up to a scalar multiple) of the form 



b'o°---bn"--ia'o°---aT-n 



tn-l-,t„ 
n-l 



for some sq, ■ ■ ■ , s„_i e Nq and to, • • • , in € Nq such that J2k=o = n and J2k=o tk = n — 1 
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